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Abstract. In [10] (C R Acad Sci Paris Ser I Math 323(2):117-120, 1996), [11] (Math Res
Lett 10(1):71-83 2003), [12] (Can J Math 57(6):1215-1223 2005), Khare showed that any
strictly compatible systems of semisimple abelian mod p Galois representations of a number
field arises from a unique finite set of algebraic Hecke characters. In this article, we consider
a similar problem for arbitrary global fields. We give a definition of Hecke character which
in the function field setting is more general than previous definitions by Goss and Gross and
define a corresponding notion of compatible system of mod p Galois representations. In this
context we present a unified proof of the analog of Khare’s result for arbitrary global fields.
In a sequel we shall apply this result to strictly compatible systems arising from Drinfeld
modular forms, and thereby attach Hecke characters to cuspidal Drinfeld Hecke eigenforms.

1. Introduction

In [10-12], Khare studied strictly compatible systems of abelian mod p Galois rep-
resentations of a number field. He proves that the semisimplification of any such
arises from a direct sum of algebraic Hecke characters, as was suggested by the
framework of motives. In particular, this shows that under minimal hypotheses,
such as only knowing the mod p reductions, one can reconstruct a motive from
an abelian strictly compatible system. Regarding the method, it is remarkable, that
the association of the Hecke characters to the strictly compatible systems is based
on fairly elementary tools from algebraic number theory. The first such association
was based on deep transcendence results by Henniart [9] and Waldschmidt [16]
following work of Serre [15]. They reconstruct the Hodge-Tate weights, i.e., the
infinity types of the corresponding Hecke characters from each individual member
of a strictly compatible p-adic system. Khare in turn uses every member of the
strictly compatible system, but from each one only the information contained in
the mod p reduction.

An application of the result of Khare is the association by elementary means
of a set of Hecke characters to any strictly compatible system of abelian Galois
representations over a number field. In [1], we had attached such a compatible
system over a global function field to any cuspidal Drinfeld Hecke-eigenform via
an Eichler—Shimura type isomorphism. A natural question posed by Goss and, in
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different form, by Serre, cf. [5, p. 414] was whether this strictly compatible system
would arise from a set of Hecke characters of Ao-type, see also [12, § 3]. After
studying Khare’s result, only an affirmative answer was conceivable. However, the
type of Hecke character needed seemed not to be present in the literature. It turned
out that the definitions by Goss [6], Gross [7] and others are modeled too closely
on the number field case for our purposes. The reason, put simply, is that there is a
unique way to embed the rational numbers Q into any number field, but there are
many ways to embed the function field F, (¢) into a global field of characteristic p,
even if one preserves some notion of ‘infinite places’.

The aim of the present article is twofold. First we introduce the required type of
Hecke character that arise from the strictly compatible systems from [1]. Our treat-
ment includes the usual Hecke characters (of Aso-type) for number fields, so that
our Hecke characters are indeed natural generalizations of classical ones. Second,
we prove our central theorem, Theorem 2.21: It asserts that over any global field
there is a bijection between n-element lists of (suitably defined) algebraic Hecke
characters and (suitably defined) strictly compatibly systems of abelian semisimple
n-dimensional mod p Galois representations. Our method of proof is modeled at
Khare’s. In a sequel to the present article, [2], we will apply the theorem to attach
a set of Hecke characters to the space of Drinfeld cusp forms of any given weight
and level.

The article is structured as follows: This introduction is followed by a sub-
section on notation used throughout the article. Sect. 2 starts with a number of
basic definitions for global fields of any characteristic: Sets of Hodge-Tate weights,
Hecke characters and strictly compatible systems of Galois representations. We
then recall how to attach such a strictly compatible system to any (finite list of)
Hecke character(s) and we state our main result, Theorem 2.21, which is basically
the converse to this attachment.

The subsequent Sect. 3 collects some preparatory material for the proof. As
should not be unexpected in light of Khare’s proof, we present yet another version
of the result of Corrales—Rodrigdfiez and Schoof. Moreover, we also need a result
about the density of fixed points of a correspondence. In the number field case,
this is an easy consequence of the Cebotarev density theorem; in the function field
case our Theorem 3.5 completes an old result of MacRae [13] and establishes a
conjecture of his. The final Sect. 4 gives a unified proof of the main theorem which
works in the number and function field setting.

1.1. Notation

A number field is a finite extension of Q. In this article, the term function field
will mean a finite extension of the field of rational functions F(z) over some finite
field IF. Global field will mean either number field or function field. For any global
field E the following notation is used:

e By ESP c E¥2 we denote fixed separable and algebraic closures of E and by
G g the absolute Galois group Gal(EP/E).
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The set of all places of E is denoted by Pg. By Pj we denote its archimedean
places (of which there may be none) and by Pj* its non-archimedean ones.
For a place w € Pg we define E,, as the completion of E at w. For w € Pj*
by Ok, , or simply O,,, we denote the valuation ring of E,,, by p,, its maximal
ideal, by I, its residue field and by g, the cardinality of IF,,. We often identify
w € P with the corresponding normalized valuation at w, so that w(E™) = Z.
For § C P denote by O s C E the subring {a € E | Vw e P N\ S:a €
O}

The ring of adeles of E is denoted by A, its idele group by A7.

If E is a function field, g : E — E denotes the Frobenius endomorphism
x > xP. Over E®2 it is an isomorphism, and so is its i-fold iterate (pgalg for

any i € Z. We write gojE for the restriction of (pga]g to E; it maps onto E”' (C E
fori > 0).

From now on we fix a field characteristic p, i.e., p is either zero or a prime

number. We define (K, 0o) to be Q with its real place, if p = 0, and to be an
arbitrary global field of characteristic p with a choice co € Pk, if p > 0.

The letter L will always denote a finite extension of K contained in K¢, By

E, F we denote some global fields of characteristic p which may have no relation
to K (if p > 0). All Galois representations considered in this article will be contin-
uous representations of Gg or G and take values in GL,, over some completion
or some residue field of L. We introduce some further notation:

2.

Places in L above oo are called infinite places, the other ones finite places. The
set of all infinite places of L is denoted by PP} that of all finite places by 792“.
Forv € Pr and 0 : E — L a homomorphism, v o ¢ denotes the place in Pg
under v.

By (E}.)° we denote the connected component of E}. := Hwepgr E%.

If p =0, we set A%O) = A*E, if p > 0, we define Ag) as the kernel of the degree
homomorphism deg: A}, — Z, (ay) = >, degw - w(ay).

For an effective divisor m = > ;njw; of E where no w; is real or complex, let
U denote the subgroup of those elements in [ [, ep O’gw which are congruent
to 1 modulo m, and define the strict m-class group of E as

Cly := EN\AY /(Um x (E£)°).

If p = 0 then Clyy, = I/ Pm, Where Iy, is the group of fractional ideals of E
which are prime to m, and Py, C Iy the set of principal fractional ideals which
have a generator in E* N (U, x (E})?).

For p > 0 we write Z[1/ p] for the ring of rational numbers which are integral
away from p. For p = 0 we declare for convenience that Z[1/p] := Z.

For any m € N = Z- which is not a multiple of p we write ¢,, € K2 for a
primitive m-th root of unity.

Basic notions and the main theorem

The aim of the present section is to formulate our main result on strictly compatible
systems of mod p Galois representations. For this we first introduce the necessary
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notions, which in the generality needed seem to be new, and we recall various
well-known constructions in our more general setting.

2.1. Hodge-Tate characters

All number fields contain the field of rational numbers @ in a canonical way. This
constitutes an important difference to the situation for function fields. There, no
minimal field exists which is contained in all others. One way to obtain an analog
of Q is to fix one function field and consider only extensions of it. Embeddings
between such extensions (where here and later the term embedding is synonymous
with field homomorphism) are then required to fix the chosen base field. For our
purposes this is not the correct path to pursue, since this would deprive us of the
very flexibility needed for the Hecke characters attached to Drinfeld modular forms,
cf. [2]. Instead, we fix for all purposes a finite set of embeddings. Recall that E is
a global field of characteristic p > 0.

Definition 2.1. A Hodge-Tate set is a finite subset & C Emb(E, K2) of embed-
dings 0 : E < K2 which we take to be Emb(E, Q¥2) for p = 0.
A set of Hodge-Tate weights (X, (n,),cx) consists of

(a) a Hodge-Tate set X,
(b) for each o € ¥ a number n, € Z[1/p] (recall that Z[1/p] = Z for p = 0).

A Hodge-Tate character is a homomorphism v : E* — (K2)* for which
there exists a set of Hodge-Tate weights (X, (ny)) such that ¢ is equal to

%
YyEe) gr (Kalg) o> H o(a)".

oED

In positive characteristic taking p-power roots is an automorphism of (K €)*, and
so ¥ = o) is well-defined.

In the function field case there is no canonical a priori choice for ¥. How-
ever, given a Hodge-Tate character v, Proposition 2.3 will yield a canonical pair
(X, (ny)) representing V.

The field L' := K [, 5 0 (E) C K¥¢is finitely generated and algebraic over
K, and thus a finite extension of K. By L we usually denote a finite extension of
K which contains L’. If p = 0 we take for L the Galois closure L’ of E over Q.
If p = 0, then any Hodge-Tate character > (") takes its values in L, if p > 0 in
LYP" for some n € Ny.

Definition 2.2. A Hodge-Tate set X is called Frobenius-reduced or F-reduced if
either p = 0, or if p > 0 and no two elements in X differ by composition with a
power of ¢ galg.

Two Hodge-Tate sets © and X' are equivalent if either p = 0, orif p > 0 and
if we have the equality of sets U,z ¢%u; © £ = Upez @kae © T

Two sets of Hodge-Tate weights are called equivalent, if they define the same
Hodge-Tate character.
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For p > 0, (2, (ns)) a set of Hodge-Tate weights and (e,) € 7%, define ¥/ :=
{¢as 00 | 0 € T} and for any o' = ¢, 00 € ¥, define ngr 1= nyp=°.
Then > ("0) = wzl’(”a’). This procedure yields a canonical representative for any
Hodge-Tate character:

Proposition 2.3. Any set of Hodge-Tate weights is equivalent to a unique set of
Hodge-Tate weights (X, (ny)) such that

(a) X is F-reduced,
(b) if p > 0 then all exponents ny lie in Z ~. pZ.

For this set of Hodge-Tate weights one may take L = K [[,cx 0 (E) C K,

The unique set of Hodge-Tate weights given by the proposition for a Hodge-Tate
character will be called its standard representative. Note that for p > 0 condi-
tion (b) requires that all n, are non-zero. We do allow £ = & in that case.

Proof. By the remark preceding the proposition, the only assertion which requires
proof is the uniqueness: Suppose that (2, (ny)sex) and (X', (n))scx) are equiv-
alent sets of Hodge-Tate weights, that ¥ and X’ are F-reduced, and, if p > 0, that
all ny and n/ lie in Z ~. pZ. We will show that the sets agree:

For this, let =" be an F-reduced Hodge-Tate set equivalentto XUX’. For p > 0
set

ping, ify;' oo = 0" forsome o € T and 0" ¢ %, 0 %’

i/ . —J r_ / / " Z
n’, = —p/n_,, ify;’ oo’ =0" for some o’ € X’ and 0" ¢ 93y, 0%
o

i i o —i e B / /
p'ng —p/n_,, ifyg °co=0 =V’ oo’ forsomeoceX ando’'€ X
0, otherwise

" / -1
forallo” € X". For p =0setn/. :=n,—n/,. Then = ("o") =, ¥ (1) (1//E '(”a’))
= 1. We need to show n,» = 0 forall 6" € £”. Consider the normalized valuation
v € P/ and let w be the valuation v o o. Then for any « € E* we find

0=v() =v(¥=" @) = D nywoo"@

O'”GE”
=D we >, ne. (D)
weSy o"e¥:w=voc”

To deduce that the n,~ are all zero, we consider the set Ex» C Pr defined as

{w € P | there exist distinct o, 0’ € £” and

vePr:voo =voo =w}.

Below, in Proposition 3.4 for p = 0, and in Theorem 3.5 for p > 0, we shall prove
that Ex» has density zero. Both results are independent of the rest of this article,
and so there is no circular reasoning. As the reader might expect, Proposition 3.4
is an application of the Cebotarov density theorem.
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We now argue as follows: For any ¢” € X" we have P o ¢” = Pg. Because
Eyxr has density zero, there exists w ¢ Ex» and v € P}* such that v o 0" = w. If
p > 0wechoose an auxiliary place w’ which does not lie in S,,. The well-known for-
mulas for the Z-rank of the S-units ina global field yieldrank O, ,, = rank O +1
if p = 0 and rank OE{w,w,} =1 > 0 = rank OE{w} if p > 0. In particular, if
p = 0 there exists a {w}-unit @ € E* which is not a unit, and if p > 0 there exists
a {w, w'}-unit « € E* which is not a constant. Now formula (1) for this « yields

ngr = 0. O

2.2. Hodge-Tate sets as divisors

For p > 0 Hodge-Tate sets can be interpreted in terms of divisors: Let ¥ be a
Hodge-Tate set and L an intermediate field for K € K®¢ containing o (E) for
all 0 € X. Let X and Cy denote the smooth projective geometrically irreduc-
ible curves with function fields E and L, respectively. Regarding the ¢ € X as
morphisms C;, — X, we obtain the reduced divisor

Dy = U Graph(o) C X x Cr.

oex

Conversely, let L C K2 be a finite extension of K and let D = J;¢; Di C
X x Cp, beareduced divisor with irreducible components D; . Denote by L; the func-
tion field of D; and by 0; : E < L; the homomorphism corresponding to D; — X.

For each T € Emby (L;, K*2), we obtain a diagram E SN L; <y KAz S
The set

2P ={to0;:iel,T€ EmbL(Li,Kalg)}

is a Hodge-Tate set. Correspondingly, we denote the finite extension L [ [5 .50 6 (E)
of L by LP. Under suitable hypotheses, the above constructions are mutually
inverse. We leave the proof of the following elementary result to the reader.

Proposition 2.4. Let L C K™2 be a finite extension of K. Then the assignments
Y+ Dy and D — 2P define mutually inverse bijections between Hodge-Tate
sets X such that o (E) C L forall 0 € ¥ and divisors D C X x Cp, all of whose
components are of degree 1 over Cp.

For general D, a pair (D, L) contains slightly finer information than (£, L?). As
we shall see below, Hodge-Tate sets are more natural for Hecke characters, while
the view point of divisors is better suited for strictly compatible systems of Galois
representations.

Fori € Z, let cpg( denote the correspondence on X x X defined by gafg.

Definition 2.5. A reduced divisor D C X x Cy, is F-reduced if we cannot find
irreducible components Dy # D; of D and i € Z, such that ®', o D = D; (as
divisors). ‘ _

Reduced divisors D, D" are equivalent if | J;.; @ o D = (J;cz @ o D’
(as sets).
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With this definition, the Hodge-Tate set »P is F-reduced if and only if D is
F-reduced.

By slight abuse of notation, we also regard a divisor D C X x Cp as the set
{(w,v) € Pg x P | (w,v) € D}.
For p = 0 and L a number field, we introduce analogous notation and call
Dr = {(w,v) € Pg x P | wlgp = v|g}

a divisor (the divisor for L). Moreover for © = Emb(E, Q%¢), we set Dy, := Dy,
where L is the Galois closure of E over Q.

Definition 2.6. Let (D, L) be a pair consisting of a field L and D = Dy for p =0
and D areduced divisor in X x Cp for p > 0. For every place v of L, we set

Sy :=SP .= {(w e Pg | (w,v) € D} = pry(D N (Pg x {v})).

For a Hodge-Tate set X, we also write S for SPx 5o that S¥=voX.
We define S (= So%) as the union of all S, where v is an infinite place of L.

The sets S, are all finite and so is Soo. If E is a number field, then S,, = P,
and if v is above a prime # € N, then S, is the set of all places of E above u. The
proof of the following lemma is left to the reader.

Lemma 2.7. Suppose p > 0. If D, D' C X x Cy are equivalent reduced divisors,
then (SUD)UEPL = (SUD Yvep, - Consequently, if ¥ and ¥’ are equivalent Hodge-Tate
sets, then (SX)yep, = (SZ)yep, -

The set S, describes the places in Pg under a place v of L under the various
o € X. It will also be useful to have a compact notation for places of L above some
w € Pg. For any subset S C Pg, we define

> S =vePr|Foc €T, vo0 €S}

2.3. Algebraic Hecke characters

In this subsection, we introduce a general type of Hecke character. We shall see that
in the number field case our definition agrees with the usual one. However in the
function field setting our Hecke characters are more general than those previously
considered in [6,7]. In Sect. 2.6 we shall attach to any such Hecke character a strictly
compatible system of Galois representations. Under further hypothesis in the func-
tion field case, we can attach at the infinite places of L certain Groencharakters,
as well.
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Definition 2.8. An algebraic Hecke character of E is a continuous homomor-
phism

x: AL — (Kalg)>k

for the discrete topology on K€ such that the restriction y|g+ is a Hodge-Tate
character.

We say that (2, (ns)sex) is a set of Hodge-Tate weights for x, if x|g+ =
W Z10).

A place w € P is said to be finite for x, if the image under x of E}; (extended
by 1 to all other components) is finite.

The character yx is called of co-type, if T := > 1(S%) agrees with P2°, and
if all w € Sy are finite for .

For simplicity and since no other Hecke characters occur in the main body of
this article, we shall usually use the term Hecke character instead of algebraic
Hecke character.

Remark 2.9. Suppose E is a number field. Then K = Q, the field L is the Galois
closure of E in Q%#, and we have So, = P and T, = P5° = P¥. By continuity
x applied to E7. has finite order. Hence any algebraic Hecke character is of co-type.

For a number field E, the set of Hecke characters of Axo-type in the sense of

Weil and the algebraic Hecke characters as defined above are the same, cf. [15,
§ 2.4, Exer.].

Remark 2.10. Suppose E is a function field, so that p > 0. Suppose in addition
that we have chosen an embedding K < E and have set ¥ := Embg (E, K1)
and defined L as the Galois closure of E over K. Then, as the reader may verify,
the definitions of an algebraic Hecke character in [7, § 1] and of a Hecke character
of Ap-type in [6, § 1] are covered by the above definition.

Remark 2.11. Since y is continuous the image of Uy is finite, where 0 denotes the
trivial divisor on E. Hence there exists an effective divisor m such that y (U,) = {1}.
Clearly y is also trivial on (E};)°, and restricted to E* its values lie in L* or in
(LY/P"y* for some n € N. Since Cly, = E*\A?/(Um x (E})°) is finite, the exten-
sion field L(x (A%O))) is finite over L. By our conventions A = A, for number

fields and A%, /A(O) = Z, for function fields, under the degree map. In either case
L(x(A%)) is a finite extension of K.

By Remark 2.11, one can find an effective divisor m of £ and an open finite
index subgroup Uy, of Hw epu E? such that x is trivial on U, X Uy,. Similar to the
classical situation, any such pair (m, Uy;) is called a conductor of x. The maximal
choice (m,, Uy 4) in both components is called the minimal conductor of x. The
two components m and U, we call the non-archimedean and archimedean part
of the conductor of x, respectively. The group U, - always contains the connected
component (E)°.

The following goes back to Goss, cf. [6, p. 125] and carries over to our setting:
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Proposition 2.12. If K is a function field, then m, is squarefree.

Proof. Suppose m, was not squarefree. Then there exists w € Pg such that2[w] <
m, . The kernel of O, ~— I, is a pro-p group, and by our hypothesis on m, the
image of this group in (K#€)* is non-trivial. By continuity of x the image is a finite
p-group. We reach a contradiction, since (K2)* contains no elements of order p.

For later use we need to recall a simple criterion for the existence of Hecke
characters with suitable sets of Hodge-Tate weights. O

Proposition 2.13. Let X be an F-reduced Hodge-Tate set and let S C Py be finite.
There exists a Hecke character x with set of Hodge-Tate weights (X, (ny)) and
such that x is trivial on an open finite index subgroup of [, cs Ex, if and only
if, the image of the group of S-units OES under > o) is finite. In addition, if
1//2’(”“)((’)2) = {1}, then x can be chosen to have trivial conductor.

Proof. Suppose first that x agrees with > ""») on E* and is trivial on an open
finite index subgroup of [], s Es. Then x maps the intersection of Ag)) with
Us := HweP,‘}ﬂ\S O3 x [1yes Eq to a finite group, and so WE’("")(OES) is
finite.

For the converse, let U’ C Uy be open and consider the short exact sequence

0— E*/ (U NE*) — A/ ((Ep)” x U'nAY)
— EN\AP/ (B x U'NAY) — 0.

of abelian groups. By class field theory, the group on the right has finite order. By
our hypothesis, we can find U’ C Us open and of finite index, such that 1 ") is
trivial on U’ N E*.

Since (K¥€)* is a divisible group there exists a character x’ extending v >+ (*s)
to the middle group. If p = 0 we are done. For p > 0 we consider the short exact
sequence

0— AP/ (v'nal) — ap/ (v naP) Hz —o,

which is clearly split. Therefore x’ extends to a character on A%, as desired. To see
the final assertion, note that under the hypotheses there, we may choose U’ = Ug,
so that x is trivial on E. x Up. o

2.4. A basic formula

We will repeatedly make use of formulas similar to (1) in the proof of Proposi-
tion 2.3. The aim of this subsection is to give an axiomatic treatment of such a
formula. The reason behind the usefulness of such a formula is that it relates a
(multiplicatively written) Z-linear combination of values of a Hecke character at
Frobenius elements to values of the underlying Hodge-Tate character on E*. So let
us fix the following:
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(a) A Hecke character x with set of Hodge-Tate weights (X, (n,)) such that X is
F-reduced and minimal conductor (my, Uy ar).
(b) For any w € P}, a uniformizer @, of E,, and the element

xp=|1... 1, oy, 1,...,1] €A}
—
atw
(c) If p =0, for any w € P§* an element o € E* which is a {w}-unit, but not a
unit, and such that at all places w” € P} \ {w} the component of « lies in
UmX .
(d) If p > 0,forany w # w’ € Pp* anelementa € E* whichisa {w, w’}-unit, but
not a constant, and such that at all places w” € PE* \ {w, w’} the component
of « lies in Unm, -

Without the conditions on the components at the w”, the existence of « as in (c)
and (d) was explained in the proof of Proposition 2.3. The additional condition can
be achieved by replacing « by a suitable power — for instance the exponent of the
(finite) strict class group Clmx. For the divisor of o we write n[w] if p = 0 and
n(deg w'[w] — deg w[w']) if p > 0, and we assume without loss of generality that
n is positive.

Let now v be a place of P} as well as its normalized valuation. We adopt the
same convention for w € Pp? (the ad hoc convention in the proof of Proposition 2.3
was different!). For a homomorphism o : E < L, the ramification index of v over
w” = voo is denoted e,/ . Note that the generic value of e, 7  is the insepa-
rable degree of o € X, and hence for p > 0 a power of p. Computing x («) in two
ways, using the Hecke character at the x,,» and using the Hodge-Tate character on
o, we obtain

X (o) € x ()T EY = (@) = [ o (@)™ )
gEX

for p > 0 and a similar but simpler formula for p = 0. Computing the v-valuation,
canceling n and sorting the right hand side according to places in Pg yields

v(x(xy)) = Z ey/w oo

oeXvoo=w

for p =0and
degw’ - v(x (xy)) — degw - v(x (xy)) 3)
=degw’ - Z eyjwole — degw - Z L

oEX oo =w oceXwoo=w’
for p > 0. We record some particular cases of the two previous formulas:
Lemma 2.14. (a) Suppose that neither w nor w' lie in the set
By, = {w € Pg | there are distinct 0,0’ € ¥ and a
vePr:voo =voo =w)

Then the sums on the right contain at most one summand.



Algebraic Hecke characters and strictly compatible systems

(b) If =~ ({w}) and T~ ({w'}) are disjoint, then in (3) at most one of the sums is
non-zero.

2.5. Strictly compatible systems

In the following L C K2 denotes a finite extension of K and D is either Dy
if p = 0 or it is a reduced divisor on X x Cj. Recall that E is a global field of
characteristic p > 0. By S we denote a finite subset of Pg and by T a finite subset
of Py, that contains P}'. The following definition is adapted from [11]:

Definition 2.15. An L-rational strictly compatible system {p, } of n-dimensional
mod v representations of G g for D with defect set 7 and ramification set S con-
sists of

(i) for each v € P, . T a continuous semisimple representation
pv: Gg — GL, (Fy),

which is unramified outside S U S2, and
(i1) for each place w € Pg . S a monic polynomial f,, € L[¢] of degree n,

such that for all v € Py ~ T and for all w € Pg ~ (S U Sl?) such that f, is
v-integral:

CharPol, Frob,) = fw (mod py).

We say that a place w € Pk is finite for {p,} if there exists a finite extension
E!, of E,, such that the image of G ), under any p, is trivial

In an analogous way one defines the notion of an L-rational strictly compatible
system of n-dimensional v-adic representations of G g for D with defect set 7 and
ramification set S. We omit a precise description of the obvious modification.

If p = 0, the defect set T will typically be the set P{*. For p > 0 a typical T
is given in (5) below. The set S usually contains So,. As we shall see below, if {py}
arises from a Hecke character y based on a Hodge-Tate set ¥ and if D = Dy, then
S will contain the support of the minimal conductor of x.

2.6. Strictly compatible systems from Hecke characters

Let x be a Hecke character, let (X, (n5)sex) be the standard set of Hodge-Tate
weights for x|g+, so that in particular ¥ is F-reduced, and let L D K be a finite
extension containing o (E) for all 0 € X as well as x (A7,).

Our aim is to attach to x for almost all places v € Pr a continuous abelian
Galois representation

pywv: Gg — L.

The representations p, , will form a strictly compatible system. They are linked by
the values taken on the Frobenius elements at unramified places. Under favorable
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circumstances (and always, if p = 0) we will attach a GroBencharakter xgr,y :
A% /E* — L} of the Weil group or ideal class group of E for the remaining places
v € Pr. We follow [15, § 2] and [7].

Let us first recall the reciprocity law from class field theory: In both the number
and the function field situation, one has a reciprocity homomorphism

rec: A%t /E*(EL)° < G®. “4)

In the number field case rec is an isomorphism. In the function field case, rec has
dense image and the restriction of rec to E *\A( )isan isomorphism onto the kernel
of Gab —> Gab where by I we denote the field of constants of E. Let Froby denote
the Frobemus automorphism on F?¢ fixing F. Then the induced homomorphism
from A’g /A%)) = Z to Gy sends, suitably normalized, the element 1 to the topo-
logical generator Frobr of G. Regarding continuous representations Gg — L
we deduce:

Let v be in P}?. In the number field case, any continuous homomorphism from

* JE*(EX)° *(E})° to the topological group L} induces a continuous homomorphism

Eb — L. In the function field situation, we require the (necessary and sufficient)

addltlonal hypothesis that there is an element in A}, of non-zero degree which maps
to O}.

Define S as the union of P} and the support of the minimal conductor of x. If
K = Q, define T := P{". If p > 0, choose places w, w" € Pg such that >~ 1w)
and ! ({w’}) are disjoint, and define

={vePr we¢S,and x(r) ¢ 05} Ufv e Py [ w' ¢Sy and x(xy) £ O3).
5)

The definition of 7 in the function field case does not depend on the choice of
{w, w'}:

Lemma 2.16. Suppose S, N {w, w'} = @. Then x(xy) € OF <> x(xy) € OF.

The proof is immediate from formula (3) in Sect. 2.4, since by our hypothesis the
right hand side of (3) is zero.

Let v be any place of L. Any o € X induces a continuous homomorphism
VYot Ej.; — L. Denote by m,, the projection A}, — E; and define the homo-
morphism

o = X - H (V’o,v onvoa)fn" CAL — LY.

oex
The proof of the following elementary lemma, we leave to the reader.

Lemma 2.17. The kernel of x, contains E* and the subgroup of Um, X Uy ar of
elements whose component at all places w € Sy is 1.
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Lemma 2.18. Suppose v isaplace of L notin T. Then x, defines a continuous char-

acter x,,: AL /E*(E})° —> Oj. The induced homomorphism py : Gg —> Oy
via the reciprocity homomorphism in (4) is characterized by

Py v(Froby) = x(xy) forallw € P~ (SUS,).
Its conductor at places not in S, is given by (my, Uy ar).

Proof. Recall that x is continuous on A%, with respect to the discrete topology on
(K?2)*, Since the characters ., are continuous with respect to the v-adic topol-
ogy on L}, the character x, is continuous with respect to the adelic topology on A},
and the v-adic topology on L7 (a basis of open neighborhoods around 1 is given by
the sets 1 +m?, n € N). By Lemma 2.17, the kernel of y, contains E*(E};)° and
thus by continuity of y, the kernel contains E*(E}.)?, proving the existence of .

Next, if p = 0, then under the reciprocity homomorphism (4) we have
A%L/E*(E%)° = G% and thus py , is defined and continuous. In particular, by
compactness of G g, the image of ¥, must lie in O}. If p > 0, then by our choice
of T there exists an idele of positive degree (either x,, or x,,,) whose image under
xv lies in O} (either x(x,) or x(x,)). This implies that ), has image in O}.
By the discussion following (4), we see that x,, induces under rec a continuous
homomorphism p, ,: Gg — Oj, as well.

Finally, assume that w is a place of E, notin S U S,. By the definition of S and
Sy and by Lemma 2.17, it follows that the ideles which at w lie in O} and at all
w # w are 1 lie in the kernel of x and x,. By the compatibility of local and global
class field theory, ), is unramified at w and we have

px,v(FrObw) = xu(xw) = x (xw).

The local to global compatibility of class field theory also implies the assertion on
conductors and thus completes the proof of the lemma. O

The following result on the system {p, ,} is an immediate consequence of
Lemma 2.18. It is well-known if E is a number field, cf. [15, I11.2.5].

Proposition 2.19. The familiy {py v}yep, 1 forms an L-rational strictly compat-
ible system of 1-dimensional representations of G g for Dy, with defect set T and
ramification set S. The corresponding family of monic degree 1 polynomials is given
by

fuw(@) =1t — x(xy) forallw € Pg ~\ S.
If some w € P is finite for x, it is finite for {py v}.

Suppose now that x is of co-type and let v be in P;°. We will show that y,
defines a GroBencharakter in the sense of Hecke: We define Of as the ring of
integers of E if p = 0 and as the ring of elements of E with no poles outside Su
if p > 0. For a divisor m denote by I, the set of fractional Og-ideals which are
prime to the support of m. Also, denote by (A7’)* the ideles over P \ S, by
Uy the intersection Uy N (AY)* and by E the product HweSm E,. Since yx is
of co-type, Uy := {x € E%, | x(x) = 1} is a finite index subgroup of E¥,
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The group I, is isomorphic to the quotient of the restricted product H;) ¢s E .
modulo the compact open subgroup [T, ¢s OE“). Extending (oty)yepz~s by 1 on
S N\ Swo, the latter quotient injects into (AZ’)*/ U °°X yielding a monomorphism

I, = (AZ)" /U . (6)

The right hand side injects into E*\A%}/ UT%‘; . Observe that by its definition the

character x, is trivial on E *U‘%‘; . Composing the above maps defines therefore a
homomorphism

XGrv: Imy —> L}

For p = 0 the following result is well-known, cf. [15, I1.2.7].

Proposition 2.20. Suppose x is of oco-type. Then for each v € P°, the character
XGr,v is a Hecke-type Grifiencharakter on Iy, such that for any w ¢ Sec U S, one
has xGro(Pw) = X (Xw), independently of v, and for all o € E* N Ugo withat = 1
(mod my):

XGrv(@OF) = = 10) (q).

Proof. Under (6) any prime ideal p,, for w ¢ S U S is mapped to the idele x,,
(modulo U‘?‘i ). Now by definition xgr (P ) is equal to x (x,,) for such w, and this
proves the first assertion.

Suppose now that « lies in £* N Uy, and satisfies « = 1 (mod m, ). Then the
value of the principal fractional ideal « Of under xgr,y is given by

Ko @Op) = 1o (e 1) = ((1.a™)) = x ((1.«7!)) [To@ ™™

=[[o @™,

where pairs are considered as elements in (AZ°)* x E7%,. The computation is justi-
fied, since o, and hence ! lie in Us. The term on the right is ¥ (*>%) (@), and
this completes the proof. O

2.7. Statement of the main theorem

Let x be a Hecke character of E. Proposition 2.19 shows that x gives rise to an
L-rational strictly compatible abelian system {p, ,} of v-adic Galois representa-
tions. As we observed, the p, , take values in O}. Hence their reductions to [,
form an L-rational strictly compatible abelian system {0, ,} of mod v Galois rep-
resentations in the sense of Definition 2.5. Our main result states that the above
construction yields all v-adic and all mod v strictly compatible abelian systems:
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Theorem 2.21. Let {py}yep, 7 be an L-rational strictly compatible abelian sys-
tem of n-dimensional mod v representations of Gg for a reduced divisor D C
Pe x PL. Then there exist Hecke characters (x;)i=1,...n for >0 such that for all
v € Py o not above T the mod v Galois representation of G g attached to ®}_, x;
is isomorphic to the semisimplification p;° of py. The character list (x;)i=1
unique up to permutation.

Ifw € Pg is finite for {p,}, then it is finite for all x;. If the set Tn, for £P agrees
with P7° and if all places in S are finite for {p,}, then all x; are of co-type.

,,,,,

Remark 2.22. In the number field case, the strictly compatible systems considered
by Khare and the A.-type Hecke characters in the sense of Weil are the strictly
compatible systems and Hecke characters we consider. Not unexpectedly, the above
theorem recovers the results of Khare, since except for some special results on
function fields, we closely follow his method of proof, cf. also Remark 2.9 and
Definition 2.5.

Any v-adic strictly compatible system gives rise to a mod v system. Since semi-
simple strictly compatible systems with the same polynomials f,, are conjugate,
the following is immediate:

Corollary 2.23. Let {p,} be an L-rational strictly compatible abelian system of n-
dimensional v-adic representations of G g for a reduced divisor D C Pg x PL.
Then there exist Hecke characters (xi)i=1,...nfor D such that for all v € Prp not
above T the mod v Galois representatlon of G attached to ®}_, x; is isomorphic
to the semisimplification p° of py. The character list (x;)i=1,....n IS unique up to
permutation.

Ifw € Pg is finite for {p,}, then it is finite for all x;. If the set To, for £P agrees
with Py° and if all places in S are finite for {p,}, then all x; are of oco-type.

.....

3. Preparations
3.1. On a result of Corrales-Rodrigdiiez and Schoof

In [3] Corrales-Rodrigafiez and Schoof, and later Khare in [11], consider the fol-
lowing type of question, which in some form was first posed by Erdos: Suppose G
is a finitely generated subgroup of L*, for L a number field. What can be deduced
for an element x € L* if it is known that the reduction x (mod v) (or a power of x
with some restrictions on the exponent) lies in G (mod v) for a set of places v of
density 1? Is x itself in G, is a power of x in G? Following the methods of [3] and
[11], we obtain a slight generalization of the results proved therein for a similar type
question and for a general global field L. Via a different method, Erdos’ question
(and some variants) were also proved in [14].

To approach the question, choose T so that x and G are contained in Oz r- By
the Dirichlet unit theorem the units O , form a finitely generated abelian group
whose maximal torsion free quotient has rank #7 — 1 + #P¥. Following [3], [10]
we consider the question “does x¢ lie in GOZ"T” for mﬁmtely many u. For p fu,
this question can be reformulated via Kummer theory. To apply Kummer theory,
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one needs to pass from L to L(¢,), and hence it is important to understand the
kernel of the homomorphism

L.7/01r = OLie).7/OL (.1 0

For p fu,itis shownin [3, Lem. 2.1] that the kernel embeds into H ' (Gal(L(¢,)/L),
Wy ) and that the latter group is trivial unless 4|u and {4 ¢ L. The embedding is given
by sending the class of an element ¢ € L* such that t = s* for some s € L(¢,)* to
the 1-cocycle

¢ Gal(L(¢,)/L) — py,o0 — w.
s

For 4|u and ¢4 ¢ L one easily deduces H'(Gal(L(¢,)/L), i) = Z/(2) from the
results of loc.cit. However, this case, i.e., where 4|u and ¢4 ¢ L, is not relevant
to us, since in the proofs of our applications one may simply adjoin ¢4 to L if 4
divides u.

Let L, := L (;u, "/(’)ZT) and H, := Gal(L,/L(¢,)). Then for p fu the

pairing

h(al/u)

OF 1/Ofr X Hu = (&), (ot ) 1= {a, h) o= ==

is perfect by Kummer theory provided that (7) is injective; here a!/* denotes any
element of L€ whose u-th power is «. Note that for g € Gal(L, /L) one has

ghg @'/ (hg—l(a”">

-1\ _
<Ol’ ghg >_ (Xl/u gilal/”

) = g((a, ).

Writing g(&,) = ;J, we find (o, ghg™") = (a, h'). From this one deduces
ghg™' = h'. Consequently any subgroup of H, is normal in Gal(L,/L). Note
also that for places v" of L(¢,) (so that u|(g,» — 1)) which are unramified for L, /L,
one has a compatible pairing

F /F5 x Gal (Fy(VF) /By ) = (@), (o Frobl, ) — el =D/,

Let Hg,, C Hy be the annihilator of GOz'fT/Oi’fT, and let SLG’” C Py be the

set of places v which are totally splitin Lg , 1= L(;u)(«“/g) over L and unramified
in L, /L, i.e., those places of L for which Frob, € Gal(L, /L) is well-defined and
liesin Hg .

Lemma 3.1. Set Gg := {y € O] y | 3n € N : y" € G} and fixu € N. Let
the notation be as above, and assume that p fu and that {4 € L if 4|lu. Then the
following hold:

G, .
(a) The set S;""" has density m
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(b) Suppose x1,...,x, € OZ,T generate a subgroup X. Then the set

[vesy" (... mod ve (GO mod v]

has density at most
1
[LGu:L]- I:XGsatOzIfT : GsatOzIfT]

and, if X C Ggy, has density equal to

1
[Lou: L] [XGGE: : GG

Proof. Part (a) is immediate from the Cebotarov density theorem, since Hg  is
normal in Gal(L,/L). For (b), we introduce some notation: For H C H, and
W c O /07", we write Anng (W) C H for the set of those 2 € H annihilat-
ing all of W — and similarly mod v. Then for x € O] ,and v € SLG’” one has the
following chain of equivalences:

(x mod v) € (GO}E’TT mod v)
< AnnErob,) (GO, mod v) = Anngrob,) ((x, G)OF"; mod v)
<= (Frob,) N Anng, (G(’)I’iLfT) = (Frob,) N Anng, ((x, G)Oz’fT)

G,u
veS;

<% Frob, € Anng, ((x, G)O}";) .
For the tuple (x1, ..., x;,) this implies
(x1,...,x,) mod v € (GOi‘fT)X" mod v <= Frob, € Anng, ((X, G)O}i’fT)

Since under our hypotheses the Kummer pairing is perfect, the index of the sub-
group Anng, ((X, G)OE’T) in Anng, (G(’)?"T) is equal to the index of GO,f‘fT -
(X, G)Or"y.

Suppose first that X is contained in Ggy. From the definition of Ggy, one
deduces Gsat N GOJ"; = GGy The second isomorphism theorem for groups
now yields

XCGu
XGOP, /GO = X/ (X NGO,) = X/ (XN GG)
>~ XGG™ /GG,

sat

An application of the Cebotarov density theorem concludes the proof of (b) in the
case X C Ggy- The argument in the general case is similar. One observes that there
always is a surjection

XGO"r/GOT"y = XG st O7"1 | Gt OF"y.
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Remark 3.2. Let the notation be as in Lemma 3.1. In particular let X be a finitely

generated subgroup of Oz,r’ by X1, ..., X, and consider the density § of
{v € SLG’” | (x1,...,%x,) mod v € (GO}E‘?T)X" mod v}.

Then Lemma 3.1(b) has the following consequences for this density:

If X is not a subset of Gy, and so the image of X in the free and finitely gen-
erated abelian group (’)ZT/ G syt is non-zero, then the product § - [Lg,, : L] tends
to zero for u — oo.

If on the other hand X is a subset of Gy, then the same product stays bounded
below by m as u tends to oo.

Corollary 3.3. Let G C L* be finitely generated, n in N, cy, ..., cq in (L*)*".

(a) Suppose q € N is prime to p and q > 2, and that the following set has density
one

{UEPLIHj € {l,...,d}3e, eN coprime to q, such that cj" e G*" mod v}.

Then there exist j € {1,...,d} and e € N such that cj» € G*". If q is a prime
and g > d, one can choose e coprime to q.
(b) Suppose that c; & G4 forall j € {2, ..., d} and that the density of

{vePr|3jell,...,d}suchthat c; € G*" mod v}
is one. Then there exists a p-power e such that ¢§ € G™".

Proof. Choose T in such a way that the finitely generated group G C L* becomes
a subset of Oz 7 and moreover that all components of all ¢; lie Oz 7> 8 well. If
p is different from 2, we enlarge L to L({4); thereby G and x remain the same
and all hypotheses are preserved. For (a) let u := g™ for some m > 0. Since the
exponents e, in the hypothesis are all prime to ¢ the operation ¢ + ¢°v on the finite
group OF /07" of exponent g is bijective. Therefore the sum over all j of the
densities of the sets

[vesy™ | mod v e ((GO")" mod v)} )
is at least [— Choose jj such that the density of the set is at least m

Denote by X; C G the subgroup generated by the entries of the tuple c;. We apply
Lemma 3.1 (b) to the X ;. Since we assume m >> 0, by Remark 3.2 the set X ;) must
be contained in Ggy. This proves the first assertion of (a). Moreover in this case
the density of the set (8) for jg is explicitly determined by Lemma 3.1 (b), and we
deduce

1 1

= U
d [X G Gﬂat sat]

GG*M

Again since m > 0, this implies that the g-primary component of X j,G/G is of
cardinality bounded by d. This proves the remaining assertion of (a).
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To prove (b), we repeat the proof of (a) for any prime ¢ # p. Since for j =
2, ..., n, the densities of the sets (8) multiplied by [L¢_, : L] are arbitrarily small,
the expression
1
[XlGG’;’ft : GG;%]

must come arbitrarily close to 1. Thus the g-primary component of X;G/G has
cardinality one. This completes the proof. O

3.2. On a result of MacRae

MacRae [13] proved a result on the density of conjugate fixed points under a corre-
spondence under certain hypotheses on the correspondence. He also made a precise
conjecture what the optimal set of hypothesis should be. In this section we prove
this conjecture. We begin by presenting the well-known analogue of MacRae’s
conjecture in the number field setting.

Proposition 3.4. Let ¢;: E — L, i = 1,2, be two distinct field homomorphisms
of number fields. Then the set {w € Pg | v € PL : vog@ = w = v o ¢} has
density zero.

Proof. It clearly suffices to prove the result for L the Galois closure of E over Q,
and so we assume this from now on. By standard results of Galois theory, we may
extend the ¢; to field automorphisms v; € G := Gal(L/Q). Applying ¥ "o
the situation, we can assume 1 = id;. Our hypothesis now says that v, is not
the identity on E. Let H := Gal(L/E) < G. We shall prove the following claim,
which clearly implies the assertion of the proposition: The set

E:={wePg|JoeG~ H,JvePyL:vlies above w and o (w)}

has density zero.

Let w be a place of E, v a place of L above w and o € G. The set of all places
above w is then H - v, that of places above o (w) iso Ho ~! -0/ (v) = o H - v. Hence
there is a place above w and o (w) simultaneously if and only if Hv N o Hv is
non-empty. If G, C G denotes the decomposition group at v, this is equivalent to
G, intersecting Ho H non-trivially. Therefore we have the following equivalence:

do € G~ H,3v € P, : v lies above w and 0 (w) <= G, N U HoH # 9.
oceGN\H

Clearly J, gy HoH = G ~ H, and so the latter condition is equivalent to
Gy ¢ H, orin other words to [Ey, : Qp, ] > 1 for p,, € Pg the place below w. It
remains to estimate densities. Let  be in R (. First observe that

HwePplweE Nw)<r}=#HwePg|[Ew:Qp,]>1Nw) <r}
<[E:Ql-#{pePqglp=rk
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Next we have

#{w e Pg | N(w) <r} >#{w € Pg | py is totally splitin L/Q, N(w) < r}

=[E:Q]-#{p ePg| pistotally splitin L/Q, p < r}.
By the Cebotarev density theorem, the latter number behaves asymptotically for
r — oolike [E : Q/[L : Q] -#{p € Py | p < r}. Gauss’ formula for the
distribution of prime numbers yields the claimed density result

#HlwePglweE Nw)<r}rso
— 0.
#wePp | Nw) <r}

O

To explain the function field analogue of Proposition 3.4, let us fix some nota-
tion: Let X be a smooth projective, geometrically connected curve over the finite
field F,. Letr; : X x X — X, i = 1, 2, be the canonical projections, and let D
be an effective divisor on X x X such that both projections from D to X are finite.
We think of D as a correspondence on X and define

Ep:={xe|X||3z€|D|:m(z) =x =m(2)},

where | X| is the set of closed points of X.

Using intersections on the surface X x X, one can describe Ep as follows:
Let Frob: X — X be the Frobenius endomorphism relative to IF, which is given
by f +— f7 on rational functions on X. Let ®' be the graph of Frob’ or, equiv-
alently, the i-fold iterate of the correspondence ® := ®!. Note that ®° is simply
the diagonal Ax on X x X. Using these powers of @, the set Ep is the projection
of Ujen, D N @' along 7y or, equivalently, along 775 from X x X to X. Fori < 0
we denote by ®' the transpose of ® .

Theorem 3.5. Suppose that D does not contain any divisor of the form ®', i € Z.
Then Ep has density zero.

This result was conjectured in [13], where it was proved under the following
additional hypothesis: (a) D is irreducible, and (b), if m and n are the degrees of D
over X with respect to the projections m;, i = 1, 2, then either m/n does not lie in
qZ , for g the cardinality of the constant field of X, orm = n = 1 and D is different
from Ax. The main improvement of our result above is that it no longer imposes
any restrictions on the quotient m /n.

Decomposing D into irreducible divisors, the above theorem may be restated in
terms of global function fields. The statement is essentially that of Proposition 2.5,
were in addition one needs to assume that the ¢; are separable. However, the method
of proof there can not be generalized. The intersection ¢ (E) N¢y(E) C L may be
finite. Buteven if it is infinite and thus a function field, it may happen that one cannot
reduce to a Galois theoretic situation; for instance if [L : ¢1(E)] # [L : ¢1(E)].
Our proof is a simple application of intersection theory on surfaces — a heuristic
argument is given in Remark 3.6. MacRae’s proof is quite different.



Algebraic Hecke characters and strictly compatible systems

Proof of Theorem 3.5. Our aim is to give, for any r € N, a bound on the number
of points in E p which are defined over IF;r: For a point x € |X| to be contained in
Ep(F4r) it is necessary and sufficient that

(a) there exists i € Ny such that x € 7;(D N &%), and
() x e m(Ax NP").

Using (b), we may in (a) replace ® by ®*"! for any r € Z. (This can easily be
verified using explicit coordinates.) Thus we have

(/2] N\
eo(Fe)cm | | pnot)(F).
i=[(1-r)/2]
This gives the estimate
[r/2] .
#8p (Fy) < > #(Dﬂ¢>’).
i=[(1-r)/2]

By our hypothesis all intersections D N &', i € Z, are proper. Whence we may use
the intersection pairing on X x X to give an upper bound for #(D N @), Asin [8],
we write - instead of N for this pairing, and denote by gx the genus of X.

By [8, Exer. V.1.10] one has oL P = q'”(2 — 2gx) forany i € Z. Let d;
and d; denote the degrees of D to X with respect to the projections m;, i = 1, 2.
The degrees of the same projections of D + ®' to X are then given by d; + 1 and
dr +q~',ifi <0,and by d; + ¢’ and d» + 1,if i > 0. In either case, the product
of these two degrees is therefore bounded by (d; + d»)(d1 + d» + ¢'). Applying
[8, Exer. V.1.10], yields

2D @ < D — (@) +2(d +do) (dy + > + "),

Using the above expression for (d7)?, we deduce that there is a constant ¢ € 7
such that for all i € Z

2D - &' < c+4"Q2d + o) +2gx — 2).
Plugging this into the estimate for Ep (Fr), one finds

[r/2]
#28pF) = > (/249" @ +dr4gx - D).
i=[(1-r)/2]

Ccr
<>+ 2dy + dr + gx — Dg"*H.

Thus clearly the upper density lim sup, _, ., #2(F,r)/q" of E is zero as asserted.
O
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Remark 3.6. Let us give the idea of the above proof in the simplest case X = P!
and where D is the graph of a function f/g on P! for polynomials f, g in an inde-
terminate x, say of degrees d; and d,. The [F,r-valued points of Ep are the x- (or

y-) coordinates that satisfy the equations y = x? and y = (f/g)(x) for some
ie{0,1,...,r—1}and x4 = x. Because of the latter equation, the first equation
may be replaced by y?"" = x if convenient. In the above proof, we consider both
pairs of equations each time for i in the range O, ..., [r/2]. Then y = x4 and
y = (f/g)(x) leads to a polynomial equation in x of degree at most d; + ¢, while
y = (f/g)(x) and y4' = x yields a polynomial equation in y of degree at most
d> + ¢'. Counting the solutions in both cases leads to the estimate we obtained in
the above proof. Had we not interchanged the role of x and y for the i > [r/2] the
estimates obtained would have been much worse - and not sufficient to deduce the
desired result.

Remark 3.7. One may wonder whether it is possible to deduce Theorem 3.5 by a
proof similar to that of Proposition 3.4. This leads to the question of whether the
intersection of any two global fields inside K '€ is again a global field. The answer
is in the negative as the following example, communicated to us by H. Stichtenoth,
explains:

Let &k be any field of characteristic p > 0 and consider F := k(x), F1 := k(y),
fory =z7 — z,and F» := k(z), for z = xz(x — 1). Observe that the places x = 0
and x = 1 of F both lie above the place y = 0 of F| and also above the place
z = 0 of F>. We claim that F; N F; is finite over k. To prove this, it suffices to
assume k = k2 and to show that F/ := F; N F, is equal to k. Assume otherwise.
Then F’ is a subfield of F of positive transcendence degree, and hence, by Liiroth’s
theorem, of the form k(w) for some w € F \ k. By a change of variables, we may
assume that the places y = 0 of Fj and z = 0 of F; are above the place w = 0
of F’. It is now a simple matter of computing the ramification degrees of x = 0
and of x = 1l above w = Ovia F' C F; C Fand F' C F, C F, to obtain a
contradiction: If e; denotes the ramification degree of y = 0 above w = 0 and if
ey denotes the ramification degree of z = 0 above w = 0, via the first sequence
of fields the ramification degrees of x = 0 and x = 1 above w = 0 are both e,
wheres via the second sequence of fields they are 2e; and ej, respectively; this is
impossible since we cannot have 2e; = e] = e; with ez > 0.

4. Proof of the main result

PROOF of Theorem 2.21. We may clearly replace D by an F-reduced divisor,
since by Lemma 2.7 this does not alter v +— S, = S,f’ .In § 2.2 we explained how
to attach to a pair (D, L) with F-reduced D C Pg x Pr, pair a (2P, LP) with =P
an F-reduced Hodge Tate set. Since replacing L by a finite extension yields again
a strictly compatible system, we assume that in fact L = L? and D = Dy for an
F-reduced Hodge-Tate set 2. Also there is no loss of generality in assuming that
the strictly compatible system {p,} is semisimple.
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Interchangeably, we regard the p, as representations of Gz}:l’ and of A%, with the
caveat that in the function field case the reciprocity map only has dense image, so
that being continuous with respect to Gj‘Eb is more restrictive than with respect to
A’%. We assume that the p, are given in diagonal form over some finite extension
FU of IF,. The support of the minimal conductor of p, is determined by the sets S
and S,. In the function field case, due to Proposition 2.12 the minimal conductor
of p, is bounded by the effective divisor [S] + [Sy]. In the number field case, the
most one can say is that the minimal conductor is bounded by s, [S]+ [S,] for some
sy € N depending on v. Define N to be

N:=2 H #(Fy x FL).

weS\PY

Consider @ € E* and denote by Div(er) = > ,; di[w;] its divisor and by
Suppa = {w; : i € I} its support. We assume that all d; are non-zero and that the
w; € Py are pairwise distinct. Suppose also that no w; lies in S U S,,. For simpler
notation, we assume that S, and S are disjoint. Corresponding to the disjoint union

Pe=SyU{w; |i e [JUSU P N (SyUfw; |iel}Us)),

we write ideles in A7, as quadruples, and we write « for a constant tuple . Then

1 = ,Ov ((Q, Q, Qv Q)NSV) = )Ov (QNSU ) QNSU ’ la l))

= pu (", 1,1,1)) [ oo (Froby, )"

iel

Foreachplace w € Pr\S,let L* denote the splitting field over L of the polynomial
Sfw € L[t].LetA,, = (i w)i=1,...n denote the roots of f, in L" repeated according
to their multiplicity. If T is a permutation of {1, ..., n}, then Ayt denotes the tuple
(Az(i),w)i=1,..,n- Having the p, in diagonal form means, that foreachv € Py \ T
and each w € Pg \ (S U §,) at which f, is v-integral, there exists a permutation
Ty,v of {1, ..., n} such that p, (Frob,,) is the diagonal matrix with diagonal

Aw,rw.v (mOd U) = ()"Tw.v(l)sw’ Tt )\'tiu.v(n)>W) (mOd U).

Hence

oo (& 11 L))=( Aﬁ,‘,w)w (mod v), ©)

iel

where multiplication and exponentiation is componentwise on each entry of the
n-tuple.

If the p, come from an n-tuple of Hecke characters, the expression of the right
hand side of (9), without reduction modulo v, will have to agree with a power of
the associated Hodge-Tate character evaluated at «, cf. formula (2). The following
is a first approximation to this:
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Lemma 4.1. Let a be in E* and let Div(a) = Zie] di[w;] be its divisor. Define

%
Gy :=(0(@)|oceX)CL"C (HL“"’) .
iel
Suppose Supp « is disjoint from S. Then there exist a tuple T = (7;);c] of permu-
tations of {1, ..., n} and e, € N such that o,  :=[];¢; &ﬁi,n satisfies

(Aa,z)ea € (Gy)™".

Since 7 admits only finitely many choices, in the sequel, we regard e, as indepen-
dent of 7.

Proof. Letq > 2 be relatively prime to pN. Let v be any place of Py, \. T such that
Sy contains none of the w; and such that all f,, are v-integral. Then by formula
(9), for any such v there exists a z, such that

&2’1 = pv (Q*N’Y”,L 1, 1)) (mod v)

We claim that the order of the right hand side divides the order of (G, mod v) C
IF:‘; Since Fj is cyclic, this proves (&ff; mod v) € ((Gy)*" mod v) for almost
all v € Pr. The lemma then follows from Corollary 3.3(a).

To prove the claim, observe that for w € S, we have « € O,, and p,| Ex is
trivial on 1 + p,,. Hence the component &~V above S, as an argument of p,, may
be viewed as an element of HweS,, (Oy/py)*. Forw =voo € vo X = S, the
units (O, /py)* embed via o into [F}. It follows that the order of the tuple « in
[Toe s, (Oy/pyw)* is the least common multiple of the orders of the o (o) mod v.
Since I} is cyclic the latter is the order of G, (mod v). |

Consider v € P}*. The polynomials f,, lie in L C L,. For instance via the
Newton polygon of f,, for v, one can see that one has well-defined values v(; ),
i =1,...,n.Bythesupport Supp(d,,) of 1, we mean the finite set of those v € P}
for which one of these values is non-zero. It will be useful to have some information
on this support:

Lemma 4.2. There exists a finite set T' C Py, such that for all w ¢ S we have
Supp(i,,) € T'UZ7! ({w)).

Proof. Fix wy € Pg but not in S. Let w be any place of E not in S U {wp}, and
let @ € E™* have support {w, wo}, i.e., divisor d[w] 4+ do[wo] with d, dy # 0. By

Lemma 4.1 we have
d d Ca
(Aw,r&u?o,ro) = H ‘7(05)4‘“’7
oex
for tuples Nyos € N" and permutations t, tp of {1, ...,n}. If we compute the
valuation of this expression at any v ¢ = {w, wo)), the right hand side is zero.
It follows that

Supp(L,,) C Supp(2,,) U =~ ({wo}) U =~ ({w}).
So the lemma holds with 77 := Supp(&wo) Uzt {wo}). O
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Let Ex := {w € Pg | #2 > #X 7' ({w})}. By Proposition 3.4 for p = 0 and
Theorem 3.5 for p > 0, the set Ey, has density zero. Forw € Pg N\ Ex ando € &
there a unique vy, ,» € Pr such that v, , o 0 = w. For any such w we define

(m,, ,)oes € (QM)F by
A
My, 5 = YuoGu) ¢ g, (10)
Cvy .o /w,0

On Q" we consider the natural permutation action by the group S,,.

Lemma 4.3. Suppose « € E* has non-empty support disjoint from Ex, UT' o Z.
Suppose in addition that £~ ({w}) and T~ ({w'}) are disjoint for any w # w' in
Supp(w). Then with the notation from Lemma 4.1, for alli € I and o € X one has
eqm,, , € Z" and

= [T oo (11)
oEX
Moreover for any w, w" in Pt . (Ex U T’ o %), there exists T,y € S, such that

rw,w/(mw,(,) =my , Vo € X.

Proof. Lemmad4.1 yields A’ = []
ing a valuation v of L yields

ey Zd U()»w r) = Z_a(,tev/voa,av oo(a) €Q".

iel oeX

o ()"« for suitable n,, , . € Z". Apply-

oex

(Recall that the valuations corresponding to v and v o w are normalized.) By our
hypotheses on Supp(«), for v = vy, » this simplifies to

eqd; Vw;,o (&wi"[j) = evwi_g/wi,oﬂa’gldi-

Canceling the d;, the first assertion follows from the definition of the m,,

The first part yields 7; (m,, ,) = 7;j(m wj’g) whenever w;, w; are in the support
of a. We also know that given any two places in Pj" there exists & € E* whose sup-
port consists of these two places. If we are given w, w’ in P N\ (Ex UT o X), we
can find w” in this set such that £~ ({w”}) is disjoint from the two corresponding
sets for w and w’. We now apply the first part to «, &’ € E* with support {w”, w}
and {w”, w'} to conclude the proof. |

By reindexing all 1, with w € PR* \ (Ex UT' o ), we assume from now on
that we have (n, )sex € (Q")* such that

(my)oes = (ﬂwyg)aez Yw € 'P;}a N (ExUT o)
and that each 1; fixes (m, )sex, so that all components of (all) z lie in
Noex Stabg, (m) C S,.

Note however that t is not redundant on the left hand side of (11).
Our next aim is to uniformly bound the exponents e, (for @ as in Lemma 4.3).
This requires the following lemma:
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Lemma 4.4. There exists M € N such that any root of unity contained in any of
the fields L™ is of order dividing M.

Proof. Recall that LY is generated by the roots of the monic degree n polynomial
fuw. If p > 0, write f,, as gu(x?") with g, separable, else set g, := fy,. Then
deg g, = n/p' and by Galois theory, the degree of the normal closure of L" over
L ist bounded by (n/p’)!p’ < n!.It suffices therefore to prove the following claim:
For any r € N, there exists M € N such that for all L’ D L with [L” : L] < r the
roots of unity contained in L’ have order dividing M.

Suppose first p = 0 and let s := [L : Q]. For a prime p we can have ¢, € L’
only if rs > p — 1, and we can have ¢,; € L' only if rs > p'~!. Thus M =
[p<rst1 plogr L works. For p > 0 denote by s the degree of the constant
field of L over its prime field I ,. If ¢; lies in L', we must have

=
A%

1
[L': L) 2 [Fpr (6) : Fprl 2 SIFp(@) : Fpl

1
— min{k € N | [ divides p* — 1}.
S

Hence [ divides M := ['2,(p' — 1). O

Lemma 4.5. There exists e € N such that em € 7" for all o and such that for all
a € E* satisfying the hypotheses of Lemma 4.3 and all T as in Lemma 4.1, one has

e _ em
e =[] o@™.
oex

In particular, the expression on the left is independent of the possible T provided
by Lemma 4.1

Proof. Let M be as in the previous lemma and let ¢ € N be such that em € Z"
for all 0 € X. Raising (11) to the power ¢/¢, yields

L;,z =az H o ()™
ocex
for some root of unity &, which depends on « and z. The left hand side liesin L™.
After division by ¢ ¢, the right hand side lies in L. Hence by the previous lemma
¢ = 1. Defining e = Meé, the lemma is established. O

Lemma 4.6. For all v ¢ T the divisor [Sy] is a conductor for pS with e as in
Lemma4.5. Inparticular there exists s € N, independently of v, such that s[ ST+[Sy ]
is a conductor for py.

Proof. The second assertion is immediate from the first — and for p > 0 it follows
independently and much simpler from Proposition 2.12. To prove the first assertion,
consider the n-tuple of characters

z: E* - ((Kalg)*)xnug — H O‘(,B)eﬂ”.

oeX
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Fix any « as in Lemma 4.3. Lemma 4.5 yields ¥ («) = ¥ («B) for all 8 with trivial
divisor, i.e. B € OF. Hence by Proposition 2.13 all components of ¥ extend to a
Hecke character with trivial conductor.

Let {p,} be the strictly compatible system of mod v Galois representations
associated to ¥. By construction of p;/, Lemma 4.5 implies that for any & € E*
satisfying the hypotheses of this lemma, the matrices pé() and p) (a) are conju-
gate. Let m be a divisor which is a common conductor for p, and p¢. Since Ep has
density zero, ideles o for « as in Lemma 4.5 generate the kernel of the canonical
homomorphism Cly, — Clp. Hence the restrictions of p¢ and p/ to this kernel are
conjugate. We deduce that they have the same conductor. By construction, [S,] is
a finite conductor of p/, and the proof is complete. O

Lemma 4.7. The tuples m,, lie in Z[1/p]".

Proof. Suppose o satisfies the hypotheses of Lemma 4.3 and in addition the condi-
tion @ = 1 modulo the conductor s[S]. For such «, formula (9) holds with s, = 0.
Raising (9) to the power e, as in the proof of Lemma 4.1 we deduce that

{v ePr~T |3t : L‘;,z mod v € (Gg)xn mod v}

has density one in Pr,. On the other hand, it is a consequence of Lemma 4.5 that

for an arbitrary 7/, either AS , = A¢, ., or A _, does not lie in (G ) gy - We deduce

from Corollary 3.3 that there is a p-power ¢’ ‘such that

(260) e (Go)™".

1
Coy,o /w0

index ey, , /uw,o i8 the degree of inseparability of o : £ — L, and thus a p-power,
the assertion follows. O

Computing m,, via (10) yields ee'm, €

(eZ™). Since for generic w the

We now complete the proof of Theorem 2.21:

We partition {1, ..., n}into sets My, ..., My, such that whenever i, i" are in the
same M, the tuples (ms,i)sex and (my,;’)scx agree, and if they are in different
M, they do not agree.

As in the proof of Lemma 4.6, we can apply Proposition 2.13 to obtain Hecke
characters x;, j = 1,...,t, with x; having set of Hodge-Tate weights given by
(ms,i)oex forany i € M;.

Define {p]} to be the strictly compatible system attached to the sum of Hecke
characters 69;:1 (x;j y#Mj  Let m be a common conductor for all j which moreover

satisfies s[S] < m. Restricted to the closed subgroup of G"ﬂ‘Eb thavt is defined as the
image of E*Un(E;)?, this system is isomorphic to {p;} by the Cebotarov density
theorem. (Both systems have the same traces on all w notin EpUT’ 0 X.) Arranging
the matrix representations of the p, suitably, we may assume that the restrictions
are equal. Hence the system {p,} can be written simultaneously as a direct sum of
strictly compatible systems of sizes #M;, j = 1, ..., t. (At this point we may have
to enlarge T by finitely many v € Py..)
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Thus it suffices to continue the proof for one of these systems. By twisting by
the inverse of x;, we may furthermore assume that all m, are identically zero, so
that the p, are representations of H := E*\A} /U (E};)°. In the number field case
the latter is a finite group, and as explained in [11], a result by Deligne and Serre,
c.f. [4, § 8], then implies that the system {p, } arises from an Artin representation pg.
Finally any abelian Artin representation arises from a direct sum of characters of
some strict m-class group and thus from a direct sum of Hecke characters.

Suppose from now on that E is a function field and let / be the exponent of its
strict class group Cly. Fix wg € Pg ~ Ep such that E_l(wo) is disjoint from 7”.
Let w be any other place with these properties and such that £ ~!(w) is disjoint
from £~ (wg)—thus we only exclude places in a set of density zero. By the defi-
nition of &, we can find @ € E* with divisor h(deg w[wg] — deg wo[w]). Then by
Lemma 4.5 we can find a permutation t of {1, ..., n} such that

he deg w, he degw
&w’rg OZAU}Q g .
After yet again enlarging T by a finite amount, we can uniquely partition the rep-
resentations p, into a direct sum @; p,; of subrepresentations p, ; with dim p, ;

independent of v, such that

(a) there is a bijection between the indices i and the different eigenvalues A; of
eh
Lwo

(b) dim p,; is the multiplicity of A¢".
©) pv,,-(Frobﬁfi)) = ¢ (mod v).

There are obvious characters on (Frob,,,) C H mapping Frob,,, to A;. Because
the characters take values in the divisible group (K22)*, we may extend them to
Hecke characters x; with Hodge-Tate weight 0, i.e., with ¥ = &. Twisting p, ;
by X,-il, and restricting our attention to a single i, we may assume that the strictly
compatible system {p,} is trivial when restricted to (Frobfu}g).

Since the p, are semisimple and abelian, they all factor via the maximal quotient

h . . %
of H /(Frobg, ) of order prime to p. Let I’ be its exponent. Then all A7) reduce to 1

at almost all places v. Thus all A,, lie in (F?)g)*. Therefore reduction mod v is the

identity on these, and so under this identification all p, are the same representation.
This is a semisimple Artin representation pg which is a representation of some strict
m-class group and hence a direct sum of Hecke characters.

At this point we have left aside finitely many exceptional v € P; which were
not in the original set 7'. For these v note that if we have two strictly compatible sys-
tems which are conjugate for almost all v, then they are conjugate for all v at which
they are defined. This completes the proof of the main assertion of Theorem 2.21.

The remaining assertions of Theorem 2.21 are rather obvious, since if some
place w is finite for {p, .}, it is so for x. A similar comment applies to being of
oo-type. m]
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