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1. INTRODUCTION

The first aim of these notes is to explain modularity /automorphy lifting theorems for two-
dimensional p-adic representations, using wherever possible arguments that go over to the
n-dimensional case. In particular, we use Taylor’s arguments in that avoid the use of
Ihara’s lemma. For the most part I ignore the issues which are local at p, focusing on represen-
tations which satisfy the Fontaine-Laffaille condition.

The second aim is to explain the application of these theorems to questions of level raising
and lowering for (Hilbert) modular forms, via the method of Khare-Wintenberger. This is
sketched, with the details left as an exercise, to form the first part of the project.

I would like to thank Kevin Buzzard, Kestutis Cesnavicius, Jessica Fintzen, Jeff Hatley,
Christian Johansson, Keenan Kidwell, Tom Lovering, Judith Ludwig and Jack Shotton for their
helpful comments on earlier versions of these notes.

1.1. Notation. Much of this notation will also be introduced in the text, but I have tried to
collect together various definitions here, for ease of reading. Throughout these notes, p > 2 is
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a prime greater than two. In the earlier stages of the notes, we discuss n-dimensional p-adic
and mod p representations, before specialising to the case n = 2. When we do so, we assume
that p 1 n. (Of course, in the case n = 2, this follows from our assumption that p > 2.)

If M is a field, we let Gy denote its absolute Galois group. We write ¢, for the p-adic
cyclotomic character. We fix an algebraic closure Q of Q, and regard all algebraic extensions
of Q as subfields of Q. For each prime p we fix an algebraic closure @p of Qp, and we fix
an embedding Q < Q,. In this way, if v is a finite place of a number field F, we have a
homomorphism Gr, < Gr. We also fix an embedding Q < C. If L is a local field, we denote
its residue field by k(L).

We normalise the definition of Hodge-Tate weights so that all the Hodge-Tate weights of
the p-adic cyclotomic character ¢;, are —1.

We let {, be a primitive pth root of unity.

2. GALOIS REPRESENTATIONS

2.1. Basics of Galois representations (and structure of Galois groups). Let K'/K be a (not
necessarily finite) normal and separable extension of fields. Then the Galois group Gal(K’/K)
is the group
{o € Aut(K') : o|g = idk}.
This has a natural topology, making it a compact Hausdorff totally disconnected topological
group; equivalently, it is a profinite group. This can be expressed by the topological isomor-
phism
Gal(K'/K) = lim Gal(K"/K),
K’ /K finite normal

where the finite groups Gal(K” /K) have the discrete topology.

Then Galois theory gives a bijective correspondence between intermediate fields K’ D K’ D
K and closed subgroups H C Gal(K'/K), with K" corresponding to Gal(K'/K") and H corre-
sponding to KH.

Fix a separable closure K of K, and write Gg := Gal(K/K). Let L be a topological field;
then a Galois representation is a continuous homomorphism p : Gx — GL,(L) for some n.
The nature of these representations depends on the topology on L. For example, if L has the
discrete topology, then the image of p is finite, and p factors through a finite Galois group
Gal(K"/K).

2.2. Exercise. If L = C with the usual topology, then p(Gk) is finite, and p is conjugate to a

representation valued in GL, (Q).

On the other hand, if L/Q) is a finite extension with the p-adic topology, then there can
be examples with infinite image. The rest of this course will be concerned with these p-adic
representations. For example, if p # char K, we have the p-adic cyclotomic character ¢ :
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Gk — Z}, which is uniquely determined by the requirement that if © € Gk and { € K with
¢P" =1 for some n, then o'({) = gep(o) (mod p*)

2.3. Fact. If L/Qy is an algebraic extension, and p : Gx — GLj (L) is a continuous representa-
tion, then p(Gk) € GL, (M) for some L O M D Q, with M/Qy, finite.

Proof. This follows from the Baire category theorem; see e.g. the proof of Corollary 5 of [Dic01]]
for the details. O

2.4. Exercise. If L/Q, is an algebraic extension, and p : Gx — GL;(L) is a continuous repre-
sentation, then p is conjugate to a representation in GL, (Op ).

Any finite-dimensional Galois representation has a Jordan-Holder sequence, and thus a
well-defined semisimplification.

2.5. Fact. Two Galois representations p,p’ : Gk — GL,(L) have isomorphic semisimplifica-
tions if and only if p(g),p’(g) have the same characteristic polynomials for each g € Gg. If
char L = 0 (or indeed if char L > n), then this is equivalent to trp(g) = trp’(g) for all g € Gk.

Proof. This is the Brauer—Nesbitt theorem, cf. [CR62) 30.16] O

As a corollary of the previous exercise and fact, we see that p-adic representations have well-
defined semi-simplified reductions modulo p. Indeed, given p : Gk — GL,(L) with L/Q,
algebraic, we may conjugate p to be valued in GL, (O} ), reduce modulo the maximal ideal
and semisimplify to get a semisimple representation p : Gk — GL, (k(L)), whose characteristic
polynomials are determined by those of p.

[We really do have to semisimplify here; to see why, think about the reductions modulo p

of the matrices L and Lop ]
0 1 0 1

2.6. Local representations with p # I: the monodromy theorem. In this section we will let
K/Qy be a finite extension, for some prime I # p. In order to study the representations of Gg,
we firstly recall something of the structure of Gy itself; cf. [Ser79] for further details. Let 0 be
a uniformiser of Ok, and let val g : K* — Z be the -adic valuation. Let | - [g := (#k) valk()
be the corresponding norm. The action of Gx on K preserves val g, and thus induces an action
on k, so that we have a homomorphism Gg — Gy, and in fact a short exact sequence

0—>IK—>GK—>Gk—>0

defining the inertia subgroup Ix. We let Frobgx = Froby € Gj be the geometric Frobenius
element, a generator of Gy = Z.
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Then we define the Weil group Wk via the commutative diagram

0 Ix Gk Gy 0
0 Ix W Frob? —— 0

so that Wy is the subgroup of Gk consisting of elements which map to an integral power of
the Frobenius in Gi. The group Wk is a topological group, but its topology is not the subspace
topology of Gg; rather, the topology is determined by decreeing that Ix is open, and has its
usual topology.

Let K = K’ be the maximal unramified extension of K, and let K'#me = U =1 K" (@Y™
be the maximal tamely ramified extension. Then the wild inertia subgroup Px := Gal(K/K'™m®)
is the unique Sylow pro-I subgroup of Ix. Let { = ({n) (4,)=1 be a compatible system of primi-
tive roots of unity (i.e. {7, = ;). Then we have a character

tr: Ix/ Pk = HZP’
p#l
defined by
(@) _ (o) (mod m)
1/n - gn .
@
K

2.7. Exercise. Any other compatible system of roots of unity is of the form 7" for some u €
[1p21Z,, and we have f7u = u’ltg.

If o € Wk, then t; (010~ !) = e(0)t;(7), where ¢ is the cyclotomic character. We let tz,p be
the composite of t; and the projection to Z,,.

Local class field theory is summarised in the following statement.

2.8. Theorem. Let WP denote the group Wy /[Wx, Wx]. Then there are unique isomorphisms Art :
KX =5 W2 such that

(1) if K'/K is a finite extension, then Artgr = Artg oNgs /g, and
(2) we have a commutative square

K % Art K W%b

o |

Z —> Frob%

where the bottom arrow is the isomorphism sending a — Frobk.

The irreducible representations of the group WP are just the characters of Wy, and local
class field theory gives a simple description of them, as representations of K* = GL;(K). The



6 TOBY GEE

local Langlands correspondence for GL;, (see Section[4.1) is a kind of n-dimensional generali-
sation of this, giving a description of the n-dimensional representations of Wy in terms of the
representation theory of GL, (K).

2.9. Definition. Let L be a field of characteristic 0. A representation of Wy over L is a representa-
tion (on a finite-dimensional L-vector space) which is continuous if L has the discrete topology
(i.e. a representation with open kernel).

A Weil-Deligne representation of Wi on a finite-dimensional L-vector space V is a pair (r, N)
consisting of a representation r : Wx — GL(V), and an endomorphism N € End (V) such that
for all o € Wk,

r(0)Nr(o) ™' = (#k) kN,

where vk : Wx — Z is determined by o|gur = Frob;’f (‘7)_

2.10. Remark. (1) Since Ik is compact and open in Wy, if r is a representation of Wx then
r(Ik) is finite.
(2) N is necessarily nilpotent.

2.11. Exercise. (1) Show that if (r, V) is a representation of Wx and m > 1 then the follow-
ing defines a Weil-Deligne representation Sp,, (r) with underlying vector space V™:
we let Wk act via

rlArt B or| At B2 e o,

and let N induce an isomorphism from 7| Artg ' [ to 7| Art ! |i for each i < m — 1,
and be 0 on 7| At 71
(2) Show that every Weil-Deligne representation (r, V) for which r is semisimple is iso-
morphic to a direct sum of representations Sp,, (;).
(3) Show that if (r,V,N) is a Weil-Deligne representation of Wk, and K'/K is a finite
extension, then (r|w,,, V, N) is a Weil-Deligne representation of Wi
(4) Suppose that r is a representation of Wx. Show that if ¢ € Wx then for some positive
integer n, (") is in the centre of r(Wk).
(5) Assume further that o ¢ Ix. Show that for any T € Wk there exists n € Z and m > 0
such that r(¢") = r(t™).
(6) Show that for a representation r of Wk, the following conditions are equivalent:
(a) ris semisimple.
(b) r(0) is semisimple for all o € Wk.
(c) r(0) is semisimple for some o ¢ Ig.
(7) Let (r, N) be a Weil-Deligne representation of Wk. Set 7(¢) = r(c)®, the semisimplifi-
cation of r(c). Prove that (7, N) is also a Weil-Deligne representation of Wk.

2.12. Definition. We say that a Weil-Deligne representation (r, N) is Frobenius-semsimple if r
is semisimple. With notation as above, we say that (7, N) is the Frobenius semisimplification of
(r,N).
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2.13. Definition. If L is an algebraic extension of Qy, then we say that an element A € GL; (L)
is bounded if it has determinant in O, and characteristic polynomial in O [X].

2.14. Exercise. A is bounded if and only if it stabilises an Op -lattice in L".

2.15. Definition. Let L be an algebraic extension of Q. Then we say that r is bounded if r(c) is
bounded for all o € Wk.

2.16. Exercise. Show r is bounded if and only if r(c) is bounded for some o ¢ I.

The reason for all of these definitions is the following theorem, which in practice gives us a
rather concrete classification of the p-adic representations of Gg.

2.17. Proposition. (Grothendieck’s monodromy theorem) Suppose that I # p, that K/Q; is finite, and
that V is a finite-dimensional L-vector space, with L an algebraic extension of Qp. Fix ¢ € W a lift
of Frobk and a compatible system (n) (=1 of primitive roots of unity. If p : Gx — GL(V) is a

continuous representation then there is a finite extension K' /K and a uniquely determined nilpotent
N € End(V) such that for all o € Iy,

p(0) = exp(Niz,, ().
For all ¢ € Wy, we have p(c)Np(c) ™' = #k°(OIN. In fact, we have an equivalence of categories
WD = WDy, from the category of continuous representations of Gy on finite-dimensional L-vector
spaces to the category of bounded Weil-Deligne representations on finite-dimensional L-vector spaces,
taking
o= (V,1,N), r(t) = p(t) exp(—tg (9 DTN,
The functors WD¢: o and WDy , are naturally isomorphic.

2.18. Remark. Note that since N is nilpotent, the exponential here is just a polynomial - there
are no convergence issues!

The proof is contained in the following exercise.

2.19. Exercise. (1) By Exercise.4]there is a Gx-stable O -lattice A C V. Show that if Gy is
the kernel of the induced map Gx — Aut(A/pA), then K’ /K is a finite extension, and
p(Ggr) is pro-p. Show that ply,, factors through t7 , : Ixr — Zp.

(2) Choose ¢ € Iy such that 7 (o) topologically generates t; ,(Ix’). By considering the
action of conjugation by ¢, show that the eigenvalues of p(c) are all p-power roots of
unity. Hence show that one may make a further finite extension K” /K’ such that the
elements of p(Ig~) are all unipotent.

(3) Deduce the existence of a unique nilpotent N € End(V) such that for all o € Ign,
p(0) = exp(Nt;,(0)). [Hint: use the logarithm map (why are there no convergence
issues?).]

(4) Complete the proof of the proposition, by showing that (r, N) is a Weil-Deligne repre-
sentation. Where does the condition that r is bounded come in?
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One significant advantage of Weil-Deligne representations over Galois representations is
that there are no subtle topological issues: the topology on the Weil-Deligne representation
is the discrete topology. This allows one to describe representations in a way that is “inde-
pendent of L”, and is necessary to make sense of the notion of a compatible system of Galois
representations (or at least to make sense of it at places at which the Galois representation is
ramified).

2.20. Local representations with p = [: p-adic Hodge theory. The case | = p is far more
complicated than the case I # p, largely because wild inertia can act in a highly nontrivial
fashion, so there is no simple analogue of Grothendieck’s monodromy theorem. (There is still
an analogue, though, it’s just much harder to state and prove, and doesn’t apply to all p-adic
Galois representations.) The study of representations Gx — GLj, (ﬁp) with K/Q, finite is
called p-adic Hodge theory, a subject largely developed by Fontaine in the 1980s. An excellent
introduction to the subject can be found in [BC|, and the standard reference is [Fon94]. We
will content ourselves with some terminology, some definitions, and some remarks intended

to give intuition and motivation.

Fix K/Qy finite. In some sense, “most” p-adic Galois representations Gx — GLj, (@p) will
not be relevant for us, because they do not arise in geometry, or in the Galois representations
associated to automorphic representations. Instead, there is a hierarchy of classes of represen-
tations

{crystalline} C {semistable} C {de Rham} C {Hodge-Tate}.

For any of these classes X, we say that p is potentially X if there is a finite extension K’'/K
such that p[g,, is X. A representation is potentially de Rham if and only if it is de Rham,
and potentially Hodge-Tate if and only if it is Hodge—Tate; the corresponding statements for
crystalline and semistable representations are false, as we will see concretely in the case n = 1
later on. The p-adic analogue of Grothendieck’s monodromy theorem is the following deep
theorem of Berger.

2.21. Theorem. (The p-adic monodromy theorem) A representation is de Rham if and only if it is
potentially semistable.

The notion of a de Rham representation is designed to capture the representations arising
in geometry; it does so by the following result of Tsuji (building on the work of many people).

2.22. Theorem. If X/K is a smooth projective variety, then each Hi (X xg K, @p) is a de Rham
representation.

Similarly, the definitions of crystalline and semistable are designed to capture the notions
of good and semistable reduction, and one has

2.23. Theorem. If X/K is a smooth projective variety with good (respectively, semistable) reduction,
then each H (X xk K, @p) is a crystalline (respectively, semistable) representation.
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Thus the p-adic monodromy theorem can be thought of as a Galois-theoretic incarnation of
Grothendieck’s semistable reduction theorem.

The case that n = 1 is particularly simple, as we now explain. In this case, every semistable
character is crystalline, and the de Rham characters are exactly the Hodge-Tate characters. In
the case K = Q,, these are precisely the characters whose restrictions to inertia are of the form
e, where  has finite order and n € Z, while the crystalline characters are those for which ¢
is unramified. A similar description exists for general K, with ¢}, replaced by a product of so-
called Lubin-Tate characters. In fact (c.f. Exercise 6.4.3 of [B(]), a character x : Gx — @; is de
Rham if and only if there is an open subgroup U of K* and an integer n for each 7 : K — 6;
such that (x o Artg)(«) = [T, T(a) " for each « € U, and it is crystalline if and only if we can
take U = OF.

As soon as n > 1, there are non-crystalline semistable representations, and non-de Rham
Hodge-Tate representations. A useful heuristic when comparing to the [ # p case is that crys-
talline representations correspond to unramified representations, semistable representations
correspond to representations for which inertia acts unipotently, and de Rham representations
correspond to all representations.

Suppose that p : Gk — GLj, (@p) is a Hodge-Tate representation. Then for each 7 : K — @p
there is a multiset of t-labeled Hodge—Tate weights HT(p) associated to p; this is a multiset of
integers, and in the case of a de Rham character x as above, HT;(x) = n.. In particular, the
p-adic cyclotomic character ¢, has all Hodge-Tate weights equal to —1. If K'/K is a finite
extension, and 7' : K’ < Q, extends 7 : K = Q,, then HT(p|c,,) = HT<(p).

If furthermore p is potentially semistable (equivalently, de Rham) then a construction of
Fontaine associates a Weil-Deligne representation WD(p) = (r,N) of Wk to p. If K'/K is a
finite extension, then WD(p|g,,) = (r[w,,, N). It is known that p is semistable if and only if
r is unramified, and that p is crystalline if and only if 7 is unramified and N = 0. Thus p is
potentially crystalline if and only N = 0.

2.24. Number fields. We now consider the case that K is a number field (that is, a finite ex-
tension of Q). If v is a finite place of K, we let K, denote the completion of K at v. If K'/K is
a finite Galois extension, then Gal(K’/K) transitively permutes the places of K’ above v; if we
choose one such place w, then we define the decomposition group

Gal(K'/K)y := {0 € Gal(K'/K)|wo = w}.
Then we have a natural isomorphism Gal(K’'/K),, — Gal(K/,/K,), and since Gal(K' /K)o =
U‘lGal(K/ /K)wo, we see that the definition extends to general algebraic extensions, and in

particular we have an embedding Gk, < Gg which is well-defined up to conjugacy (alterna-
tively, up to a choice of embedding K < Ky).

If K’ /K is Galois and unramified at v, and w is a place of K’ lying over v, then we define

Froby, := Froby, € Gal(K],/K,) — Gal(K'/K)p — Gal(K'/K).
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We have Froby,, = ¢! Froby, ¢, and thus a well-defined conjugacy class [Frob,] = {Frobe } o
in Gal(K'/K).

2.25. Fact. (Chebotarev density theorem) If K’/K is a Galois extension which is unramified
outside of a finite set S of places of K, then the union of the conjugacy classes [Frob,], v ¢ S is
dense in Gal(K'/K).

We briefly recall the statement of global class field theory. Let Ak denote the adeles of K,
and write Keo = [Ty Ko- Let Kab — KOk
is a homomorphism Artg : A /(KX)° — Gal(K?"/K), defined in the following way: for each
finite place v of K, the restriction of Artx to K agrees with the local Artin maps Artg,, and

Gl be the maximal abelian extension of K. Then there

similarly at the infinite places, it agrees with the obvious isomorphisms Artg,, : K / (K} )° —
Gal(K,/Ky). Then global class field theory states that Artx induces an isomorphism

Artg s AF /K> (K%)° — Gal(K®™/K).

The global Galois representations that we will care about are those that Fontaine and Mazur
call geometric. Let L/Qy be an algebraic extension.

2.26. Definition. A continuous representation p : Gx — GLj, (L) is geometric if it is unramified
outside of a finite set of places of K, and if for each place v|p, p|c, is de Rham.

2.27. Remark. It is known that both conditions are necessary; that is, there are examples of
representations which are unramified outside of a finite set of places of K but not de Rham
at places lying over p, and examples of representations which are de Rham at all places lying
over p, but are ramified at infinitely many primes.

In practice (and conjecturally always), geometric Galois representations arise as part of a
compatible system of Galois representations. There are a number of different definitions of a
compatible system in the literature, all of which are conjecturally equivalent (although prov-
ing the equivalence of the definitions is probably very hard). The following definition, taken
from [BLGGT10], seems to incorporate the minimal assumptions under which one can hope
to employ automorphy lifting theorems to study a compatible system.

2.28. Definition. Suppose that K and M are number fields, that S is a finite set of primes of
K and that n is a positive integer. By a weakly compatible system of n-dimensional p-adic rep-
resentations of Gk defined over M and unramified outside S we mean a family of continuous
semisimple representations

ry : Gk — GL,(M,),

where A runs over the finite places of M, with the following properties.
e If v ¢ S is a finite place of K, then for all A not dividing the residue characteristic of v,

the representation r, is unramified at v and the characteristic polynomial of r, (Froby)
lies in M[X] and is independent of A.
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e Each representation r) is de Rham at all places above the residue characteristic of A,
and in fact crystalline at any place v ¢ S which divides the residue characteristic of A.

e For each embedding 7 : K < M the T-Hodge-Tate numbers of r, are independent of
A

2.29. Remark. By the Chebotarev density theorem, each r, is determined by the characteristic
polynomials of the 7 (Frob,) for v ¢ S, and in particular the compatible system is determined
by a single 7. Note that for a general element o € Gk, there will be no relationship between
the characteristic polynomials of the 7, () as A varies (and they won't even lie in M[X], so
there will be no way of comparing them).

There are various other properties one could demand; for example, we have the following
definition (again following [BLGGT10], although we have slightly strengthened the definition
made there by allowing A to divide the residue characteristic of v).

2.30. Definition. We say that a weakly compatible system is strictly compatible if for each finite
place v of K there is a Weil-Deligne representation WD, of Wy, over M such that for each place
A of M and every M-linear embedding ¢ : M — M, we have gWD, = WD(r) g, )5

Conjecturally, every weakly compatible system is strictly compatible, and even satisfies fur-
ther properties, such as purity (c.f. Section 5 of [BLGGT10]). We also have the following con-
sequence of the Fontaine-Mazur conjecture and standard conjectures on the étale cohomology
of algebraic varieties over number fields.

2.31. Conjecture. Any semisimple geometric representation Gx — GL, (L) is part of a strictly com-
patible system of Galois representations.

In practice, most progress on understanding these conjectures has been made by using au-
tomorphy lifting theorems to prove special cases of the following conjecture.

2.32. Conjecture. Any weakly compatible system of Galois representations is strictly compatible, and
is in addition automorphic, in the sense that there is an algebraic automorphic representation (in the
sense of [CIo90]) 7 of GL, (Ax) with the property that WDy (p) = rec(rt,| det |(1=)/2) for each
finite place v of K, where rec is the local Langlands correspondence as in Section [f.7| below.

2.33. Sources of Galois representations. The main source (and conjecturally the only source)
of compatible systems of Galois representations is the étale cohomology of algebraic varieties.
We have the following result, whose proof is well beyond the scope of this course.

2.34. Theorem. Let K be a number field, and let X /K be a smooth projective variety. Then for any i, j,
the Hi (X xx K, Qp)%(j) (the (j) denoting a Tate twist) form a weakly compatible system.

2.35. Remark. Conjecturally, it is a strictly compatible system, and there is no need to semisim-
plify the representations. Both of these properties are known if X is an abelian variety.
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2.36. Conjecture. (The Fontaine-Mazur conjecture, [EM95]) Any irreducible geometric representa-
tion p : Gg — GLj, (@p) is (the extension of scalars to @p of) a subquotient of a representation arising
from étale cohomology as in Theorem[2.34}

2.37. Remark. Conjecture[2.36} together with the expectation expressed in Remark[2.35} implies
Conjecture The Fontaine-Mazur—Langlands conjecture is a somewhat ill-defined conjecture,
which is essentially the union of Conjectures and expressing the expectation that an
irreducible geometric Galois representation is automorphic.

When n = 1, all of these conjectures are essentially known, as we will now explain. For
n > 1, we know very little (although the situation when K = Q and n = 2 is pretty good), and
the main results that are known are as a consequence of automorphy lifting theorems (as dis-
cussed in this course) and of potential automorphy theorems (which are not discussed in this
course, but should be accessible given the material we develop here; for a nice introduction,
see [Buz12]).

2.38. Definition. A grossencharacter is a continuous character x : Ay /K* — C*. We say that
X is algebraic (or “type Ag”) if for each T : K < C there is an integer 1., such that for each
a € (K%)°, wehave x(a) =TT (ta) ",

2.39. Definition. Let L be a field of characteristic zero such that for each embedding 7 : K < L,
we have 7(K) C L. Then an algebraic character xo : Ay — L™ is a character with open kernel
such that for each 7 : K < L there is an integer n, with the property that for all « € K*, we

have xo(«) = [T, (7)™

2.40. Exercise. Show that if xg is an algebraic character, then x( takes values in some number
field. [Hint: show that Ag /(K* ker xo) is finite, and that xo(K* ker xo) is contained in a
number field.]

2.41. Theorem. Let E be a number field containing the normal closure of K. Fix embeddings 1o : E <
Ci1y:E— @p. Then the following are in natural bijection.

(1) Algebraic characters xo : Ag — E-.

(2) Algebraic grossencharacters x : Ay /K* — C*.

(8) Continuous representations p : Gx — @; which are de Rham at all v|p.
(4) Geometric representations p : Gg — @; .

2.42. Exercise. Prove Theorem as follows (see e.g. Section 1 of [Far|] for more details). Use
the non-trivial fact that if v|p is a place of K, then a representation p, : Gx, — @; is de Rham
if and only if there is an open subgroup U C K; and an integer nr for each 7 : Ky — Q,
such that (p, o Artg, ) («) = [T, T(a)"" for each a € U. Use this, together with global class field
theory, to show that (3) = (4).
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For the correspondence between (1) and (2), show that we can pair up xp and x by

X(@) = teo (xO(tx) I1 r(aw)‘”rwlr)

T:K—C

For the correspondence between (1) and (3), show that we can pair up xp and p by

(oo Arti)(a) = 1, (mﬂo I wp)”w) .

T:K~’—>@p

3. GALOIS DEFORMATIONS

There are a number of good introductions to the material in this section, and for the most
part we will simply give basic definitions and motivation, and refer elsewhere for proofs. In
particular, [Maz97] is a very nice introduction to Galois deformations (although slightly out
of date, as it does not treat liftings/framed deformations), and [Boe] is a thorough modern
treatment.

3.1. Generalities. Take L/Q), finite with ring of integers O = O and maximal ideal A, and
write F = O/A. Let G be a profinite group which satisfies the following condition (Mazur’s
condition ®,): whenever A is a finite index open subgroup of G, then A/([A, A], AP) is finite.
Equivalently (cf. Exercise 1.8.1 of [Boe]), for each A the maximal pro-p quotient of A is topo-
logically finitely generated. If G is topologically finitely generated, then ®, holds, but we will
need to use the condition for some G (the global Galois groups Gg s defined below) which are
not known to be topologically finitely generated.

In particular, using class field theory or Kummer theory, it can be checked that ®; holds if
G = Gk = Gal(K/K) for some prime [ (possibly equal to p) and some finite extension K/Q;,
orif G = Gk g = Gal(Kg/K) where K is a number field, S is a finite set of finite places of K, and
Ks /K is the maximal extension unramified outside of S and the infinite places (cf. the proof of
Theorem 2.41 of [DDT97]).

Fix a representation p : G — GL,(FF). Let Co be the category of complete local noetherian
O-algebras with residue field FF, and consider the functor Cpp — Sets which sends A to the set
of continuous representations p : G — GL,(A) such that p mod m, = p (that is, to the set of
lifts of p to A).

3.2. Lemma. This functor is represented by a representation p5 : G — GLn(RﬁD).

Proof. This is straightforward, cf. Proposition 1.3.1(a) of [Boe]. O

3.3. Definition. We say that RﬁD is the universal lifting ring (or in Kisin’s terminology, the uni-
versal framed deformation ring). We say that p™ is the universal lifting of p.
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If Endp)p = IF we will say that p is Schur. By Schur’s lemma, if p is absolutely irreducible,
then p is Schur. In this case, there is a very useful (and historically earlier) variant on the above
construction.

3.4. Definition. Suppose that p is Schur. Then a deformation of p to A € ob Cp is an equivalence
class of liftings, where p ~ o’ if and only if p’ = apa~! for some a € ker(GL,(A) — GL,(TF))
(or equivalently, for some a € GL,,(A)).

3.5. Lemma. If p is Schur, then the functor Cy — Sets sending A to the set of deformations of p to A
is representable by some "™ : G — GLy(R5™).

Proof. See Proposition 1.3.1(b) of [Boe], or Theorem 2.36 of [DDT97] for a more hands-on ap-
proach. O

3.6. Definition. We say that p"" (or more properly, its equivalence class) is the universal de-
formation of p, and R%“i" is the universal deformation ring.

Deformations are representations considered up to conjugation, so it is reasonable to hope
that deformations can be studied by considering their traces. In the case that p is absolutely
irreducible, universal deformations are determined by traces in the following rather strong
sense. This result is essentially due to Carayol [Car94].

3.7. Lemma. Suppose that p is absolutely irreducible. Let R be an object of Co, and p : G — GL,(R)
a lifting of p.
(1) Ifa € GL,(R) and apa—' = p thena € R*.
(2) If o’ : G — GLy(R) is another continuous lifting of p and trp = trp’, then there is some
a € ker(GLy(R) — GLy,(FF)) such that o' = apa™".
(3) IfS C Risa closed subring with S € ob Cp and mg = mg N S, and if tr p(G) C S, then there
is some a € ker(GLy, (R) — GL,(F)) such that apa=' : G — GL,(S).

Proof. See Lemmas 2.1.8 and 2.1.10 of [CHTO08]], or Theorem 2.2.1 of [Boe]. O

3.8. Exercise. Deduce from Lemma [3.7|that if p is absolutely irreducible, then R%ni" is topolog-

ically generated over O by the values tr ™" (g) as g runs over any dense subset of G.

3.9. Exercise. Show that if p is absolutely irreducible, then RED is isomorphic to a power series
ring in (n% — 1) variables over R%“i". Hint: let p""V be a choice of universal deformation, and
consider the homomorphism

MG GL (RE™[X; il j=1,...n/ (X11))

given by oM = (1, + (Xi,;))p"™ (1, + (X;j)) ' Show that this is the universal lifting.
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3.10. Tangent spaces. The tangent spaces of universal lifting and deformation rings have
a natural interpretation in terms of liftings and deformations to the ring of dual numbers,

Fle]/ (€%).
3.11. Exercise. Show that we have natural bijections between
(1) HOH'[]F (mRFD / (m?{l;!/ /\)/ ]F)
4

(2) Homo (R5, Fle]/ (€2)).
(3) The set of liftings of p to [F[e] / (¢?).
(4) The set of cocycles Z!(G,ad p).

A), )
and H'(G,ad p). Hint: given f € Homp (myo/ (mi[j, A),F), define an element of Hom (RﬁD, Fle]/ (%))
g 4

Show thatif p is absolutely irreducible, then we also have a bijection between Hom (m guniv / (mlzzumv,
, g

by sending a + x to a + f(x)e whenever a € O and x € m0. Given a cocycle ¢ € Z!(G,adp),
4
define a lifting p : G — GL,,(FF[¢]/ (¢2)) by p(g) := (1 + ¢(g)e)p(g)-

3.12. Corollary. We have dimg m 0 /(mim, A) = dimg HY(G,ad p) + n? — dimg H%(G,ad p).
P 2

Proof. This follows from the exact sequence
0— (adp)® — adp — Z'(G,adp) — H'(G,adp) — 0. O
In particular, if d := dimp z! (G,adp), then we can choose a surjection ¢ : O[x,...,x4] —

RFD. Similarly, if p is absolutely irreducible, we can choose a surjection ¢ : O[xy,..., xp] —
R%ni", where d’ := dimg H!(G,adp).

3.13.Lemma. If] = ker ¢ or | = ker ¢/, then there is an injection Homg (] /m],F) — H?(G,ad p).

Proof. See Proposition 2 of [Maz89]. O

3.14. Corollary. If H>(G,ad p) = (0), then RﬁD is formally smooth of relative dimension dimy Z'(G,ad p)
over O.
In any case, the Krull dimension of RpD is at least
14 n? — dimg H%(G,ad p) + dimp H'(G,ad p) — dimg H?(G,ad p).
If p is absolutely irreducible, then the Krull dimension of R%ni" is at least

1+ dimg HY(G,adp) — dimp H(G,adp).

3.15. Deformation conditions. In practice, we frequently want to impose additional condi-
tions on the liftings and deformations we consider. For example, if we are trying to prove the
Fontaine-Mazur conjecture, we would like to be able to restrict to global deformations which
are geometric. There are various ways in which to impose extra conditions; we will use the
formalism of deformation problems introduced in [CHTO8].
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3.16. Definition. By a deformation problem D we mean a collection of liftings (R, p) of (I, p)
(with R an object of Cp), satisfying the following properties.

(F,p) € D.

e If f: R — SisamorphisminCp and (R,p) € D, then (S, fop) € D.

e If f: R — S is a morphism in Cp then (R, p) € D ifand only if (S, fop) € D.

e Suppose that R1, Ry € obCp and Ij, I; are ideals of Ry, R, respectively such that there
is an isomorphism f : R/l — R/ L. Suppose also that (Ry,p1), (Rp,02) € D, and
that f(p1 mod I;) = pp mod L.

Then ({(a,0) € Ri1® Ry : f(amod I;) = bmod L },p1 & p2) € D.

e If (R, p) is a lifting of (F,p) and I; D I O - is a sequence of ideals of R with N;I; =
(0), and (R/1I;,p mod I;) € D for all j, then (R, p) € D.

e If (R,p) € D and a € ker(GL,(R) — GL,(F)), then (R,apa™!) € D.

In practice, when we want to impose a condition on our deformations, it will be easy to see
that it satisfies these requirements. (An exception is that these properties are hard to check for
certain conditions arising in p-adic Hodge theory, but we won’t need those conditions in this
course.)

The relationship of this definition to the universal lifting ring is as follows. Note that each

element a € ker(GL, (R'ﬁ]) — GL,(F)) acts on RpD, via the universal property and by sending

p™ to a~1pHa. [Warning: this isn't a group action, though!]

3.17. Lemma. (1) If D is a deformation problem then there is a ker(GL,, (RﬁD) — GL,,(F))-invariant
ideal 1(D) of RﬁD such that (R, p) € D if and only if the map RﬁD — R induced by p factors through
the quotient RpD /1(D).

(2) Let L(D) C Z'(G,adp) = Hom(mgo/ (A, mim),lF) denote the annihilator of the image of
g g
(D) in myo /()t,mim).
’ g
Then L(D) is the preimage of some subspace L(D) C H'(G,adp).
(3)Iflisa ker(GLn(RﬁD) — GLy,(F))-invariant ideal oprD with /1 =1 and I # mpo, then
4
D(I) :={(R,p) : RﬁD — R factors through RFD/I}

is a deformation problem. Furthermore, we have I(D(1)) = I and D(I(D)) = D.

Proof. See Lemma 2.2.3 of [CHT08] and Lemma 3.2 of [BLGHT09] (and for (2), use that I(D) is
ker(GL, (RﬁD) — GL,(FF))-invariant). O

3.18. Fixing determinants. For technical reasons, we will want to fix the determinants of our
Galois representations. To this end, let x : G — O be a continuous homomorphism such
that y mod A = detp. Then it makes sense to ask that a lifting has determinant x, and we
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can define a universal lifting ring RPDX for lifts with determinant x, and when p is Schur, a

universal fixed determinant deformation ring R‘ﬁ“)‘(i".

3.19. Exercise. Check that the material developed in the previous section goes over unchanged,
except that ad p needs to be replaced with ad 9% :={xcadp:trx =0}.

Note that since we are assuming throughout that p { 1, ad °p is a direct summand of ad o
(as a G-representation).

3.20. Global deformations with local conditions. Now fix a finite set S, and for each v € S,
a profinite group G, satisfying ®,, together with a continuous homomorphism G, — G, and
a deformation problem D, for p|g,. [In applications, G will be a global Galois group, and the
G, will be decomposition groups at finite places.]

Also fix x : G — O, a continuous homomorphism such that y mod A = detp. Assume

that p is absolutely irreducible, and fix some subset T C S.

3.21. Definition. Fix A € obCp. A T-framed deformation of p of type S := (S,{ Dy }ves, x) to A
is an equivalence class of tuples (p, {ay }ver), Where p : G — GL,(A) is a lift of p such that
detp = x and p|g, € Dy forall v € S, and «, is an element of ker(GL,(A) — GL,(IF)).

The equivalence relation is defined by decreeing that for each p € ker(GL,(A) — GL,(F)),
we have (o, {as}oer) ~ (BB ™", {Bto}oer)-

The point of considering T-framed deformations is that it allows us to study absolutely ir-
reducible representations p for which some of the p|¢, are reducible, because if (p, {ao }veT) is
a T-framed deformation of type S, then a; !p|g, o is a well-defined element of D, (indepen-
dent of the choice of representative of the equivalence class). The following lemma should be

unsurprising.

3.22. Lemma. The functor Cop — Sets sending A to the set of T-framed deformations of p of type S is
represented by a universal object BT : G — GLn(RET).

Proof. See Proposition 2.2.9 of [CHTO8]. O
If T = @ then we will write Rgniv for R?T.

3.23. Presenting global deformation rings over local lifting rings. Continue to use the nota-

tion of the previous subsection. Since a 1 pDT |, &0 is a well-defined element of D, we have a
. . O O .

tautological homomorphism Rﬁlcv X /I(Dy) — Rg". Define

1 A O
RS = Boer (RS, /1(Dy)).

loc Ur
Then we have a natural map Rg7 — Rg'.
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loc

We now generalise Corollary by considering presentations of RET over Rg%. In or-

der to compute how many variables are needed to present RET over R?“T, we must compute

. 2 . . . . .
dimg mRET/ (mRET,ngCT,A). Unsurprisingly, in order to compute this, we will compute a
certain H'.

We define a complex as follows. As usual, given a group G and a F[G|-module M, we let
Ci(G, M) be the space of functions G' — M, and we let d : C'(G, M) — C*1(G, M) be the
coboundary map. We define a complex CfS,T,lo .(G,ad’p) by

C8 1 10c(G,ad *p) = BoerC’(Go,ad p) ® Bpesy 10,
C}S‘,T,loc(G/ ad Oﬁ) = EBvETC1 (Gvr ad ﬁ) ©® @vGS\Tcl (Gvr ad Oﬁ) /E(Dv)r
and fori > 2,

CfS‘,T,loc (G' ad Oﬁ) = 69ZIGTCi (Gvr ad ﬁ) @ @vGS\Tci (G?Jr ad OP)

Then we let HfS,T(G, ad "p) denote the cohomology of the complex
Ci 7(G,ad ") := C(G,ad °p) & Cs 1 0. (G,ad p)
where the coboundary map is given by

(@, (o)) = (9¢, (9¢0 — ¢, ))-

Then we have an exact sequence of complexes
0= C 110c(G,2dp) — C1(G,ad"p) = C'(G,ad %p) =0,

and the corresponding long exact sequence in cohomology is

0 —— H$ 1(G,ad’p) — H(G,adp) > BoerH"(Gy,ad p)

( _ _ _ _
H} 1(G,ad*p) —— H'(G,ad’p) —— ®oerH' (Go,adp) ®yesir HY(Go,adp) /L(Dy)

—_— = -
H% 1(G,ad°p) —— H2(G,ad ’p)

¥ 3 _
H%,T(G' ad’%) — ...

BoerH?(Go,ad ) @yes 1 H(Go,ad °p)

Taking Euler characteristics, we see that if we define e.g. x(G,ad %) = ¥;(—1)"~! dimg H'(G,ad %p),
we have

xs,7(G,ad") =x(G,ad"%) — Y x(Gy,ad"%) — Y x(Go,adp)
veS\T veT

+ Y (dimp L(D,) — dimp H(Gy,ad %p) )
veS\T
From now on for the rest of the notes, we specialise to the case that F is a number field, S is a
finite set of finite places of F including all the places lying over p, and we set G = Gr g, Gy =
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Gr, for v € S. (Since G = G g, note in particular that all deformations we are considering are
unramified outside of S.) We then employ standard results on Galois cohomology that can be
found in [Mil06]. In particular, we have H"(Gp,,adp) = (0) if n > 3, and

Hn<GP,S/ adoﬁ) = 69v realHn(GeradOP) = (O)
if n > 3 (the vanishing of the local cohomology groups follows as p > 2, so Gg, has order
coprime to that of ad °p). Consequently, Hj 1(Grs,ad %) = (0) if n > 3.

We now employ the local and global Euler characteristic formulas. The global formula gives

x(Gr;5,ad%) = — Y dimg H(Gy,,ad p) + [F : Q](n* — 1),
v|oo
and the local formula gives

Y. x(Gr,,ad"%) + Y x(Gr, adp) = —#T + ) x(Gr, ad"p)

vES veT vES

=—#T+ Y (n* = 1)[F, : Qp]
olp

= —#T+ (n> —1)[F: Q],
so that

Xs,1(Grs,ad p) = #T — Y dimg H'(Gr,,ad"p) + Y (dimg L(Dy) — dimg H(Gg,,adp) )
v|oo veS\T

Assume now that g is absolutely irreducible; then H(Gr 5,ad °p) = (0), so Hg,T(Gp,g, ad’p) =
. lo say something sensible about rs,ad o) we still need to control the an
0). To say hing sensible about H} 1(Gr,s,ad ’p ill need | the H  and
H?S,T' Firstly, the above long exact sequence gives us in particular the exact sequence

H'(Gp,5,ad°p) ——= @oerH'(Gr,,ad °p) ©yes\7 H' (G, ad *p) /L(Ds)

—_— _ _ _
H? +(G,s,ad °p) ——= H*(G,5,ad %p) > BoesH?(Gr,,ad "p)
H%, 1 (Gr,s,ad °p) 0.

On the other hand, from the Poitou-Tate exact sequence [Mil06, Prop. 4.10, Chapter 1] we
have an exact sequence

H'(Gps,ad %) —— @®yesH'(Gr,,ad°p) — H'(Grs, (adp)V (1))

T H2(Grs,ad%p) —— ®oesH(Gr,, adp) —— H(Gys, (adp) (1)) ——= 0.

Note that ad °p is self-dual under the trace pairing, so we can and do identify (ad°p)" (1) and
(ad %) (1). If we let L(D,)* C H'(Gp,, (ad°p)(1)) denote the annihilator of L(D,) under the
pairing coming from Tate local duality, and we define

HY1(Ges, (ad %)(1)) = ker (H'(Grs, (adp) (1)) = @oesir (H'(Gr,, (ad*p) (1)) /L(Do)*)),
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then we deduce that we have an exact sequence

H'(Gr,s,ad°p) —— @verH' (Gr,,ad D) Dyes\r H' (Gr,,ad "p) /L(Dy)

HY 1(Gp,s,ad "p(1)) —— H?(Gp,s,ad °p) > DoesH?(Gr,,ad p)

H®(Gp,s,ad °p(1))" 0,

and comparing with the diagram above shows that
H3 1(Grs,ad p) = H(Grg,ad p(1))",
H% 1(Gr,s,ad %p) = Hg 1(Gr,s,ad *p(1))".
Combining all of this, we see that

dimg H} (G 5,ad%p) =#T — Y dimg H'(Gg,,ad %) + Y. (dim]p L(Dy) — dimg H(Gp,,ad Op))
v|oo veS\T

+ dimp Hg 1(Gr,s,ad°p(1)) — dimp H%(G5,ad %p(1)).

Now, similar arguments to those we used above give us the following result (cf. Section 2.2
of [CHTO08]).

3.24. Proposition. (1)There is a canonical isomorphism

Hom(m DT/(mi,S]T,mR?&,/\),]F) = H}ng(Gpls,adOP>.

Rg

(2) RET is the quotient of a power series ring in dimp H: +(Gr 5, ad 95) variables over R?CT

(3) The Krull dimension of R&WY is at least

Y (Krull dim.(RﬁG /1(Dy)) — n2> — Y dimg H%(Gp,,ad °p) — dimp H°(Gg,5,ad %p(1)).
vES Fo v|co

3.25. Finiteness of maps between global deformation rings. Suppose that F'/F is a finite

extension of number fields, and that S’ is the set of places of F’ lying over S. Assume that

univ

PlG, o is absolutely irreducible. Then restricting the universal deformation p"™" of p to G/ s/

gives a ring homomorphism R?‘j‘“GiV — R%“i". The following very useful fact is due to Khare
Fls!

and Wintenberger.

3.26. Proposition. The ring RA™ is a finitely generated R;EV -module.
F! 8!

Proof. See e.g. Lemma 1.2.3 of [BLGGT10]. (Note that it is easy to see that it is quasifinite, but
finiteness uses Exercise[3.8]) O
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3.27. Local deformation rings with | = p. The local deformation rings when / = p are one
of the most difficult and interesting parts of the subject; for example, a detailed computation
of deformation rings with | = p = 3 was at the heart of the eventual proof of the Taniyama-—
Shimura—-Weil conjecture, and many of the recent improvements to automorphy lifting theo-
rems have relied on deep results on these deformation rings due to Kisin.

In this course, we will ignore all of these difficulties, and work only with the “Fontaine—
Laffaille” case. This is already enough to have important applications. In this case the local
deformation rings are smooth; for the most part, the deformation rings that we care about
when | = p aren’t smooth, but the situation is in some sense worse than this, in that we don’t
have a concrete description of the rings in most cases, or even basic information such as the
number of irreducible components of the generic fibre.

Assume that K/Q, is a finite unramified extension, and assume that L is chosen large
enough to contain the images of all embeddings K — @p. Foreach o : K < L, let H, be a set
of n distinct integers, such that the difference between the maximal and minimal elements of
Hy is less than or equal to p — 2.

3.28. Theorem. There is a unique reduced, p-torsion free quotient REDX o {Ho}

that a continuous homomorphism R%C — @p factors through Rf;.,xfcr, (Hy} if and only if p o p5 is

D .
of R5 with the property

crystalline, and for each o : K < L, we have HT( o p9) = H.

Furthermore, dim REX,CL (H} = n? + [F, : Qplin(n—1), and in fact Rﬁm,x,cr, (H, 18 formally
smooth over O, i.e. it is isomorphic to a power series ring in n> — 1+ [Fy : Qp]3n(n — 1) variables

over O.

In fact, if we remove the assertion of formal smoothness, Theorem [3.28| still holds with-
out the assumption that K/Qy is unramified, and without any assumption on the difference
between the maximal and minimal elements of the H,, but in this case it is a much harder
theorem of Kisin ([Kis08]). In any case, the formal smoothness will be important for us.

Theorem is essentially a consequence of Fontaine-Laffaille theory [FL82], which is a
form of integral p-adic Hodge theory; that is, it classifies the Galois-stable lattices in crystalline
representations, under the assumptions we’ve made above. The first proof of Theorem
was essentially in Ramakrishna’s thesis [Ram93], and the general result is the content of section
2.4 of [CHTOS].

3.29. Local deformation rings with p # . In contrast to the situation when | = p, we will
need to consider several deformation problems when I # p. We will restrict ourselves to the
two-dimensional case. Let K/Q; be a finite extension, with [ # p, and fix n = 2. As we
saw in Section 2.6 there is essentially an incompatibility between the wild inertia subgroup of
Gk and the p-adic topology on GL, (), which makes it possible to explicitly describe the p-
adic representations of Gk, and consequently the corresponding universal deformation rings.
This was done in varying degrees of generality over a long period of time; in particular, in
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the general n-dimensional case we highlight Section 2.4.4 of [CHT08] and [Cho(9], and in the
2-dimensional setting [Pil] and [Shol3]. In fact [Shol3] gives a complete description of the
deformation rings for a fixed inertial type.

We will content ourselves with recalling some of the basic structural results, and with giving
a sketch of how the results are proved in one particular case (see Exercise below).

3.30. Deformations of fixed type. Recall from Proposition that given a representation
o:Gg — GLZ(@p) there is a Weil-Deligne representation WD(p) associated to p. If WD =
(r,N) is a Weil-Deligne representation, then we write WD|;, for (|1, N), and call it an inertial
WD-type.

Fix p : Gk — GLy(F). Then (assuming as usual that L is sufficiently large) we have the
following general result on REX (see e.g. Theorem 3.3.1 of [Boe]).

3.31. Theorem. REX has Krull dimension 4, and the generic fibre REX[l / p) has Krull dimension 3.

Furthermore:
(a) The function which takes a @p—point X R?Elx 1/p] — @p to (the isomorphism class of) WD(x o
o)1, (forgetting N) is constant on the irreducible components of REX [1/p].

; (:) The irreducible components of Rg | [1/ p] are all formally smooth, and there are only finitely many
of them.

In the light of Theorem we make the following definition. Let T be an inertial WD-
O

_ X
that a continuous homomorphism ¢ : RﬁD,x — Q, factors through R

type. Then there is a unique reduced, p-torsion free quotient R of REX with the property
O

PXT
has inertial Weil-Deligne type 7. (Of course, for all but finitely many 7, we will just have

if and only if ¢ o p™

R%X,T = 0.) By Theorem we see that if R%X,T is nonzero then it has Krull dimension 4, and

its generic fibre is irreducible and formally smooth.

3.32. Taylor-Wiles deformations. As the name suggests, the deformations that we consider
in this subsection will be of crucial importance for the Taylor-Wiles—Kisin method. Write k for
the residue field of K, and suppose that p is unramified, that p(Frobg ) has distinct eigenvalues,
and that #k =1 (mod p). Suppose also that yx is unramified.

3.33. Lemma. Suppose that (#k — 1) is exactly divisible by p™. Then RPD,X = Olx,y, B, u]/((1+
u)?" —1). Furthermore, if 9 € Gy is a lift of Froby, then o= () is conjugate to a diagonal matrix.

3.34. Exercise. Prove this lemma as follows. Note firstly that o= (Px) = {1}, because p(Px) =
{1}, so pP(Pk) is a pro-I-subgroup of the pro-p-group ker(GLz(REX) — GLy(F)).

Let ¢ be a fixed lift of Frobg to Gk / Pk, and ¢ a topological generator of I/ Px, which as in

Section [2.6|we can choose so that ¢~ lop = . Write p(¢) = (g ;) , and fix lifts a, p € O

of &, B.
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Then we will show that we can take

-1
(1 y «+B 0 1 vy
pD(qo)—<x 1) ( 0 X((p)/(oc—l—B)) <x 1)'
-1
(1 y 1+u 0 1 vy
o= (1) (5" 0l (1)

(1) Let p : Gk — GLy(A) be a lift of p. By Hensel’s lemma, there are 2, b € m4 such that
p(¢) has characteristic polynomial (X — (« +4a))(X — (B +b)). Show that there are x,

y € my such that
() (1) = (+0) (1>

v\ _ y
e(e) <1> = (B+D) <1>

(2) Since p is unramified, p(c) = 1, so we may write

-1
1 vy 1 y\ (14+u v
(x 1) p(o) (x 1) N ( w 1+z>

with u, v, w, z € my. Use the commutation relation between p(¢) and p(c) to show
thato = w = 0.

(3) Use the fact that x is unramified to show that 1 +z = (1 +u)~L.

(4) Show that (1 + u)* =1+ u, and deduce that (1 + u)*~1 = 1.

(5) Deduce that (1 + u)P" = 1.

(6) Complete the proof of the lemma.

and

3.35. Taylor’s “Thara avoidance” deformations. The following deformation rings are crucial
to Taylor’s arguments in [Tay08] which avoid the use of Ihara’s lemma in proving automorphy
lifting theorems. When n = 2 these arguments are not logically necessary, but they are crucial
to all applications of automorphy lifting theorems when n > 2.

Continue to let K/Q; be a finite extension, and assume that p is the trivial 2-dimensional
representation, that #k = 1 (mod p), that x is unramified, and that ¥ is trivial. Again, we
see that o (Py) is trivial, so that p™ is determined by the two matrices p™(c) and p9(¢), as in
Exercise[3.34} A similar analysis then yields the following facts. (For the proof of the analogous
results in the n-dimensional case, see Section 3 of [Tay08].)

3.36. Definition. (1) Let Py, be the minimal ideal of REX modulo which p™ () = 1,.
(2) For any root of unity ¢, we let P; be the minimal ideal of R%X modulo which p5 (o)
has characteristic polynomial (X — Z)(X —¢~1).
(3) Let Pny be the minimal ideal of REX modulo which p™(c) has characteristic polynomial
(X — 1), and #k(tr P (9))? = (1 + #k)% det p" ().
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[The motivation for the definition of Pp, is that we are attempting to describe the unipotent

! 1) , this is the relation forced on p™(¢).]

liftings, and if you assume that p™(c) = (0 .

3.37. Proposition. The minimal primes of REX are precisely \/Pur, \/Pm, and the \/Pg for { # 1.
We have /P1 = \/Par N vV P

Write R%XJ, REX/ 1% REXM, REX/m for the corresponding quotients of RPD/X'
3.38. Theorem. We have R%,lx,l /A= Rﬁlj,x,g/ A. Furthermore,
(1) RPDX 7 [1/p] is formally smooth and geometrically irreducible of dimension n>.
(2 Rgx,ur is formally smooth over O (and thus geometrically irreducible) of relative dimension
n2.

= is formally smooth and geometrically irreducible of dimension n-.
(3) R5. [1/p]i Iy hand g ically irreducible of dimension n?
(4) Spec REX& = Spec REX’M USpec R?)D,X,m and Spec R‘ﬁ:,’XJ /A = Spec REXW /A USpec RFJDrX,m /A

are both a union of two irreducible components, and have relative dimension n?.

Proof. See Proposition 3.1 of [Tay08] for an n-dimensional version of this result. In the 2-
dimensional case it can be proved by explicitly computing equations for the lifting rings;
see [Shol3]. O

4. MODULAR AND AUTOMORPHIC FORMS, AND THE LANGLANDS CORRESPONDENCE

4.1. Thelocal Langlands correspondence (and the Jacquet-Langlands correspondence). Weil-
Deligne representations are the objects on the “Galois” side of the local Langlands correspon-
dence. We now describe the objects on the “automorphic” side. These will be representations
(77, V) of GL,(K) on (usually infinite-dimensional) C-vector spaces.

4.2. Definition. We say that (71, V) is smooth if for any vector v € V, the stabiliser of v in
GL,(K) is open. We say that (77, V) is admissible if it is smooth, and for any open subgroup
U c V, VY is finite-dimensional.

For example, a smooth one-dimensional representation of K* is the same thing as a contin-
uous character.

4.3. Fact. (1) If 7t is smooth and irreducible then it is admissible.
(2) Schur’slemma is true, and in particular if 7 is smooth, admissible and irreducible then
it has a central character x, : K* — C*.

In general these representations are classified in terms of the (super)cuspidal representa-
tions. We won’t need the details of this classification, and accordingly we won’t define the
cuspidal representations.
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Let B be the subgroup of GL,(K) consisting of upper-triangular matrices. Define § : B —

K* by
a %
0 d

Given two characters x1, x2 : K* — C*, we may view xj ® x2 as a representation of B by

X1® X2 : ( ) = x1(a)x2(d).

a *
0 d
Then we define a representation x; X x» of GL,(K) by
X1 X X2 = n-Ind§L2(K) (X1 ® x2)

= {¢: GLs(K) = Clg(hg) = (x1 ® x2)(W)|5()[i*¢(g) forall h € B, g € GLy(K)}

where GL, (K) actsby (g¢)(¢’) = ¢(g'¢), and we only allow smooth ¢, i.e. functions for which
there is an open subgroup U of GL,(K) such that ¢(gu) = ¢(g) forall g € GL(K), u € U.

The representation x1 X x> has length at most 2, but is not always irreducible. It is always
the case that x1 x x2 and x2 X x1 have the same Jordan-Holder factors. If x1 x x3 is irreducible
then we say that it is a principal series representation.

4.4. Fact. (1) x1 X xz is irreducible unless x1/x2 = | - |*'.
(2) x x x| - | has a one-dimensional irreducible subrepresentation, and the corresponding
quotient is irreducible. We denote this quotient by Sp, ().

We will let x; B x, denote x; x x2 unless x1/x2 = | - |7}, and welet xBx|- | = x| - |Bx =
Sp,(x). (While this notation may seem excessive, we remark that a similar construction is
possible for n-dimensional representations, which is where the notation comes from.) These
representations, and one-dimensional characters, are all the non-cuspidal irreducible admissi-
ble representations of GL,(K). We say that an irreducible smooth representation 7t of GL,(K)
is discrete series if it is of the form Sp, (x) or is cuspidal.

The local Langlands correspondence provides a unique family of bijections recx from the
set of irreducible smooth representations of GL,(K) to the set of n-dimensional Frobenius
semisimple Weil-Deligne representations of Wx over C, satisfying a list of properties. In order
to be uniquely determined, one needs to formulate the correspondence for all n at once, and
the properties are expressed in terms of L- and e-factors, neither of which we have defined. Ac-
cordingly, we will not make a complete statement of the local Langlands correspondence, but
will rather state the properties of the correspondence that we will need to use. It is also pos-
sible to define the correspondence in global terms, as we will see later, and indeed at present
the only proof of the correspondence is global.

4.5. Fact. We now list some properties of reck forn =1, 2.

(1) If n =1 thenrecg(7r) = o Artlzl.
(2) If x is a smooth character, reck (7T ® (x o det)) = recy (1) ® recg(x)-
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(3) reci(Sp (x)) = Spy(reck (x)).

(@) If x1/x2 # | - ¥, then reck (x1 B x2) = reck(x1) ® reck (x2)-

(5) reck(7r) is unramified (i.e. N = 0 and the restriction to I is trivial) if and only if
m = x1Bx2 with x1/x2 # |- |*! both unramified characters (i.e. trivial on Og),
or T = X o det for some unramified character x. These conditions are equivalent to
7GL2(0k) # 0, in which case it is one-dimensional.

(6) 7t is discrete series if and only if reck (77) is indecomposable, and cuspidal if and only

if recg (71) is irreducible.

4.6. Hecke operators. Let ¢ be acompactly supported C-valued function on GL,(Oxk)\ GL,(K)/ GL,(Ok).
Concretely, these are functions which vanish outside of a finite number of double cosets GL, (Ox)g GL2 (Ok).
The set of such functions is in fact a ring, with the multiplication being given by convolution.

To be precise, we fix y the (left and right) Haar measure on GL, (K) such that u(GL,(Ok)) =1,

and we define

-1
* xX) = x)dug.
(1% ¢2)(x) /GLZ(K) 91(8)92(g x)dpg
Of course, this integral is really just a finite sum. One can check without too much difficulty

that the ring H of these Hecke operators is just C[T, S*!], where T is the characteristic function
of

wg 0
GL2(Ok) ( OK 1) GL,(Ok)
and S is the characteristic function of
WK 0
GL,(O GL,(Ok).
2(Ok) < 0 wK> 2(Ok)

The algebra # acts on an irreducible admissible GL, (K)-representation 7r. Given ¢ € H,

we obtain a linear map 7t(¢) : 7 — 7CL2(0k), by

)@ = [ ol)n(E)edg

In particular, if 77 is unramified then 71(¢) acts via a scalar on the one-dimensional C-vector

space 71°M2(Ok), We will now compute this scalar explicitly.
4.7. Exercise. (1) Show that we have decompositions
@k 0 @k 0
GL, (O GLy(Ok) = GL,(Ox),
2( K)(O wK> 2(0k) (0 w}() 2(Ok)
and

GLy(Ok) <a(>)1< (1)> GL2(Ok) = ( ; ](_[ ) (%K T) GLz(OK)) I (é 6§K> GLy(Ok).
aeOg (mod @k

(2) Suppose that T = (x| - |'/2) o det with y unramified. Show that nG2(9%) = 7, and
that S acts via x(@g)2(#k) !, and that T acts via (#k'/2 4 #k=1/2) x(@0k).
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(3) Suppose that xi1, x» are unramified characters and that x1 # x2| - fl. Let 1 =
X1 B x2. Using the Iwasawa decomposition GL,(K) = B(K)GL2(Ok), check that
b
7L2(Ok) is one-dimensional, and is spanned by a function ¢o with @g g d) ) =
x1(a)xa(d)|a/d|*2. Show that S acts on 752(9K) via (x1x2)(@k), and that T acts via
#k2 (x1 (k) + x2(@x))-

4.8. Modular forms and automorphic forms on quaternion algebras. Let F be a totally real
field, and let D/ F be a quaternion algebra with centre F, i.e. central simple F-algebra of dimen-
sion 4. Letting S(D) be the set of places v of F at which D is ramified, i.e. for which D ® F, is
a division algebra (equivalently, is not isomorphic to M(F,)), it is known that S(D) classifies
D up to isomorphism, and that S(D) can be any finite set of places of D of even cardinality
(so for example S(D) is empty if and only if D = M;(F)). We will now define some spaces of
automorphic forms on D*.

For each v|co fix ky, > 2 and 17, € Z such that k, + 217, — 1 = w is independent of v. These
will be the weights of our modular forms. Let Gp be the algebraic group over Q such that for
any Q-algebra R, Gp(R) = (D ®q R)*. For each place v|co of F, we define a subgroup U, of
(D ®f F,)* as follows: if v € S(D) welet U, = (D®r F,)* = H*, and if v ¢ S(D), so that
(D®f Fy)* =2 GLy(R), we take U, = R*SO(2). If v = v Z € GL(R)andz € C — R, we

c
let j(y,z) = cz + d. One checks easily that j(yJd,z) = j(vy,02)j (4, z).

We now define a representation (t,, W, ) of U, over C for each v|co. If v € S(D), we have
U, — GL,(Fy) = GLy(C) which acts on C?, and we let (T, W,) be the representation

(Sym* e —2C2) @ (A2C2)'T,
If v ¢ S(D), then we have U, = IR* SO(2), and we take W, = C, with
To(7) = j(7,1) (dety) ",

We write Uy = Hv‘oo Uy, Weo = ®U‘OOWU, Too = QplooTo- Let A = Ag be the adeles of
Q, and let A® be the finite adeles. We then define Sp , to be the space of functions ¢ :
Gp(Q)\Gp(A) — We which satisfy

(1) @(goo) = Too(theo) "1 p(g) for all ue € Uso and g € Gp(A).

(2) There is a nonempty open subset U® C Gp(A%) such that ¢(gu) = ¢(g) for all
uel®, geGp(A).

(3) Let Se denote the infinite places of F. If g € Gp(A®™) then the function

(€ —R)S>=5) 5 W

defined by
hoo(i/ s /l) = Too(l’loo)(P(ghoo)
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(4)
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is holomorphic. [Note that this function is well-defined by the first condition, as U is
the stabiliser of (i,...,17).]
If S(D) = @ then for all ¢ € Gp(A) = GL(Af), we have

./I;\AF 9 <(1) T) g)dx =0.

If in addition we have F = Q, then we furthermore demand that for all § € Gp(A®),
heo € GLy(R) " the function ¢(ghe)|Im (feoi)|/? is bounded on C — R.

There is a natural action of Gp(A*) on Sp i, by right-translation, i.e. (¢¢)(x) := ¢(xg).

4.9. Exercise. While this definition may at first sight appear rather mysterious, it is just a

generalisation of the familiar spaces of cuspidal modular forms. For example, take F = Q,

S(D) =

)

@)

®)

@, koo =k, and 1o = 0. Define

*

U(N) = {g € GLy(2)|g = ( ) (mod N)}.

0 1

Let GL,(Q)™ be the subgroup of GL,(Q) consisting of matrices with positive determi-
nant. Show that the intersection of GL,(Q)* and U; (N) inside GL,(A®) is ' (N), the

1 ~
matrices in SL,(Z) congruent to 0 I (mod N). [Hint: whatis Z* NQ*?]

Use the facts that GL,(A) = GL,(Q)U; (N) GLy(R) ™ [which follows from strong ap-
proximation for SL, and the fact that detU; (N) = Z*] and that AX = QXZX]R;) to

show that S g1k(181) can naturally be identified with a space of functions
¢ :T1(N)\GLy(R)" — C
satisfying

P(gtteo) = j(tteo, i) F(g)

forall g € GLy(R) ™", e € RZ;SO(2).
Show that the stabiliser of i in GLy(R)™" is RZ;SO(2). Hence deduce a natural iso-
morphism between Sglk(g]) and S;(I'1(N)), which takes a function ¢ as above to the

function (gi — j(g,1)¥¢(g)), g € GLy(R)*.

The case that Sec C S(D) is particularly simple; then if U C Gp(A®) is an open subgroup,

then SY ,  is just the set of C-valued functions on

Gp(Q)\Gp(A)/Gp(R)U,

which is a finite set. When proving modularity lifting theorems, we will be able to reduce to

the case that Seo C S(D); when this condition holds, we say that D is a definite quaternion

algebra.
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We will now examine the action of Hecke operators on these spaces. Choose an order Op C
D (thatis, a Z-subalgebra of D which is finitely generated as a Z-module and for which Op ®z
Q = D). For example, if D = M;(F), one may take Op = M(OF).

o~

For all but finite many finite places v of F we can choose an isomorphism D, = M;(F,) such
that this isomorphism induces an isomorphism Op ®o, Op, — M(OF,). Then Gp(A™) is
the subset of elements ¢ = (gv) € [Ty Gp(Fo) such that g, € GLy(OF,) for almost all v.

We now wish to describe certain irreducible representations of Gp(A®) in terms of irre-
ducible representations of the GLy(F,). More generally, we have the following construction.
Let I be an indexing set and let V; be a C-vector space. Suppose that we are given 0 # ¢; € V;
for almost all i (that is, all but finitely many i). Then we define the restricted tensor product

®{{gi}Vz’ = hg“l RieVi,
Jjci
where the colimit is over the finite subsets | C I containing all the places for which ¢; is not
defined, and where the transition maps for the colimit are given by “tensoring with the ¢;”. It
can be checked that ®f{e‘} V= ®f{ f.}Vl- if for almost all i, ¢; and f; span the same line.

4.10. Definition. We call a representation (77, V') of Gp (A®) admissible if

(1) for any x € V, the stabiliser of x is open, and
(2) forany U C Gp(A®™) an open subgroup, dim¢ VY < oo.

4.11. Fact. If 7y is an irreducible smooth (so admissible) representation of (D ®f F,)* with

715 L2(OF) # 0 for almost all v, then @', = ®’ 7T, is an irreducible admissible

GLy(O
. 2(OF »)

smooth representation of Gp(A%), and any irreducible admissible smooth representation of
Gp(A®) arises in this way for unique 7.

We have a global Hecke algebra, which decomposes as a restricted product of the local
Hecke algebras in the following way. For each finite place v of F we choose U, C Gp(F,) a
compact open subgroup, such that U, = GL,(Op,) for almost all v. Let y, be a Haar measure
on Gp (Fy), chosen such that for almost all v we have 1, (GL2(OF,)) = 1. Then there is a unique
Haar measure y on Gp(A®) such that for any U, as above, if we set U = [, Uy, C Gp(A®),
then u(U) =TT, po(Uy). Then there is a decomposition

Co(U\Gp(A®)/U)u = ®’{1u HU}CC(UU\GD(FU)/UU)VU,
and the actions of these Hecke algebras are compatible with the decomposition 7 = ®'71,.
4.12. Fact. Spy, is a semisimple admissible representation of Gp (A).

4.13. Definition. The irreducible constituents of Sp , are called the cuspidal automorphic rep-
resentations of Gp(A™) of weight (k, 7).
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4.14. Remark. Note that these automorphic representations do not include Maass forms or
weight one modular forms; they are the class of regular algebraic or cohomological cuspidal au-
tomorphic representations.

4.15. Fact. (Strong multiplicity one (and multiplicity one) for GL;) Suppose that S(D) = .
Then every irreducible consituent of Sp ., has multiplicity one. In fact if 77 (respectively 7') is
a cuspidal automorphic representation of weight (k, 17) (respectively (k/, ")) such that 7, = 7,
for almost all v thenk = k', y = ', and © = 7.

4.16. Fact. (The theory of newforms) Suppose that S(D) = @. If nis an ideal of OF, write

*

Ui (n) = {g € GLy(Or)|g = (0

i) (mod n)}.

If 7 is a cuspidal automorphic representation of Gp(A®) then there is a unique ideal n such
that 771(") is one-dimensional, and i (m) # 0 if and only if n|m. We call n the conductor (or
sometimes the level) of 7t.

Analogous to the theory of admissible representations of GL,(K), K/Q, finite that we
sketched above, there is a theory of admissible representations of D*, D a nonsplit quater-
nion algebra over K. Since D* /K* is compact, any irreducible smooth representation of D*
is finite-dimensional. There is a bijection JL, the local Jacquet-Langlands correspondence, from
the irreducible smooth representations of D* to the discrete series representations of GL,(K),
determined by a character identity.

4.17. Fact (The global Jacquet-Langlands correspondence). We have the following facts about
Gp(A®).

(1) The only finite-dimensional cuspidal automorphic representations of Gp (A*) occur if
S(D) D S« and k, = 2 for all v € Se, in which case there are 1-dimensional represen-
tations, which factor through the reduced determinant.

(2) There is a bijection JL from the infinite-dimensional cuspidal automorphic represen-
tations of Gp(A®) of weight (k,77) to the cuspidal automorphic representations of
GLy(AY) of weight (k, 7) which are discrete series for all finite places v € S(D). Fur-
thermore if v ¢ S(D) then JL (77), = 71y, and if v € S(D) then JL (71), = JL (7).

4.18. Remark. We will use the global Jacquet-Langlands correspondence together with base
change (see below) to reduce ourselves to considering the case that S(D) = So when proving
automorphy lifting theorems.

4.19. Galois representations associated to automorphic representations.

4.20. Fact (The existence of Galois representations associated to regular algebraic cuspidal au-
tomorphic representations). Let 7t be a regular algebraic cuspidal automorphic representation
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of GLy(AY) of weight (k,#7). Then there is a CM field L, and for each finite place A of L, a
continuous irreducible Galois representation

() : Gp = GLa(Ly 0)
such that

(1) if 77 is unramified and v does not divide the residue characteristic of A, then r) (7)|g,,
is unramified, and the characteristic polynomial of Frob; is X2 —t, X + (#ky)sy, where
ty and s, are the eigenvalues of T, and S, respectively on nvGLZ(OF ”). [Note that by the
Chebotarev density theorem, this already characterises 7, (7r) up to isomorphism.]

(2) More generally, WD(r, (71)|c;, )~ = recy, (1o @ | det |71/2),

(3) If v divides the residue characteristic of A then r(7)|g,, is de Rham with T-Hodge-
Tate weights 77,17t + kr — 1, where T : F < L C C is an embedding lying over v. If
7y is unramified then r (77) |G, is crystalline.

(4) If ¢y is a complex conjugation, then detr, (77)(cy) = —1.

4.21. Remark. Using the Jacquet-Langlands correspondence, we get Galois representations for
the infinite-dimensional cuspidal automorphic representations of Gp(A®) for any D. In fact,
the proof actually uses the Jacquet-Langlands correspondence; in most cases, you can transfer
to a D for which S(D) contains all but one infinite place, and the Galois representations are
then realised in the étale cohomology of the associated Shimura curve. The remaining Galois
representations are constructed from these ones via congruences.

4.22. Fact (Cyclic base change). Let E/F be a cyclic extension of totally real fields of prime
degree. Let Gal(E/F) = (0) and let Gal(E/F)" = (6g,r) (here Gal(E/F)" is the dual abelian
group of Gal(E/F)). Let 7t be a cuspidal automorphic representation of GL(A%) of weight
(k, 7). Then there is a cuspidal automorphic representation BC /¢ (7r) of GLy(A%) of weight
(BCE/rp(k),BCE/p(y)) such that

(1) for all finite places v of E, recg,(BCg/p(7)y) = (reCPv\F(nU‘F)”WEU' In particular,
A (BCe/p(m)) = ra(m)lGg-

(@) BCE/p(k)o = ky|p, BCE/F(1)0 = 1y, '

() BC/r(mr) = BCgp(7') if and only if 1 = 7' @ (0}, o Artr o det) for some i.

(4) A cuspidal automorphic representation 77 of GLy (AY) is in the image of BC g/ if and
onlyif oo = .

4.23. Definition. We say thatr : Gp — GLp (@p) is modular (of weight (k, 7)) if it is isomorphic
to i(r) (7)) for some cuspidal automorphic representation 7t (of weight (k, 7)) and some i :
Lz < Q, lying over A.

4.24. Proposition. Suppose that r : Gr — GLy (@p) is a continuous representation, and that E/F is
a finite solvable Galois extension of totally real fields. Then r|c, is modular if and only if r is modular.

4.25. Exercise. Prove the above proposition as follows.
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(1) Use induction to reduce to the case that E/F is cyclic of prime degree.

(2) Suppose that r|g, is modular, say r|g, = i(ry(m)). Use strong multiplicity one to
show that 71 0 ¢ 2 71. Deduce that there is an automorphic representation 71" such that
BCg r(n') = m.

(3) Use Schur’s lemma to deduce that there is a character x of Gr such thatr 2 i(r,(7')) ®
x. Conclude that r is modular.

We can make use of this result to make considerable simplifications in our proofs of mod-
ularity lifting theorems. It is frequently employed in conjunction with the following fact from
class field theory.

4.26. Fact (Lemma 2.2 of [Tay03]]). Let K be a number field, and let S be a finite set of places of
K. Foreach v € S, let L, be a finite Galois extension of K;. Then there is a finite solvable Galois

extension M/K such that for each place w of M above a place v € S there is an isomorphism
Ly = My of Ky-algebras.

Note that we are allowed to have infinite places in S, so that if K is totally real we may
choose to make L totally real by an appropriate choice of the L.

5. THE TAYLOR-WILES—KISIN METHOD

Our aim now is to prove the following theorem. Let p > 3 be prime, and let L/Q, be a
finite extension with ring of integers O, maximal ideal A, and residue field F = O/A. Let F be
a totally real number field, and assume that L is sufficiently large that L contains the images of
all embeddings F < L.

5.1. Theorem. Let p,pg : Gr — GL(O) be two continuous representations, such that p = p
(mod A) = pg (mod A). Assume that pg is modular, and that p is geometric. Assume further that
the following properties hold.

(1) Forallo : F — L,HTy(p) = HTy(po), and contains two distinct elements.
(2) e Forallv|p, plg,, and po|c,, are crystalline.

o pis unramified in F.

e Forall o : F < L, the elements of HT,(p) differ by at most p — 2.
(3) Tmp 2 SLy(Fy).

Then p is modular.

5.2. The integral theory of automorphic forms. In order to prove Theorem[5.1} we will need
to study congruences between automorphic forms. In order to do this, it is convenient to work
with automorphic forms on Gp(A¥), where S(D) = Se. In order to do this, assume that
[F : Q] is even. (We will reduce to this case by base change.) Then such a D exists, and we
have Gp(A®) = GLy(A%), and (D ®g R)* /(F ®g R)* is compact.
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Fix an isomorphism ¢ : L —— C, and some k € Zg;m(ls’c), n € ZHom(EC) with w :=

k¢ + 21 — 1 independent of 7. Let U =[], Uy C GLy(A¥) be a compact open subgroup, and

let S be a finite set of finite places of F, not containing any of the places lying over p, with the
property thatif v ¢ S, then U, = GLy(OF, ).

Let Us := [Tyes Uy, write U = Ugll®, let ¢ : Us — O be a continuous homomorphism
(which implies that it has open kernel), and let xo : Aj /F* — C* be an algebraic grossen-
character with the properties that

® Xo is unramified outside S,
o for each place v|co, xo| (£x)o (x) = x' 7%, and
— -1
® Xol(,es By = ¥
As in Theorem this gives us a character

X

X0, : AS/FX(ES)° = T%,

xo (T 7)™ ) T 7(ree)) ™ x0 ()

T:F—L T.F—C

Our spaces of (p-adic) algebraic automorphic forms will be defined in a similar way to the
more classical spaces defined in Section[4.8} but with the role of the infinite places being played
by the places lying over p. Accordingly, we define coefficient systems in the following way.

Let A = A, = @r.roscSymF 2(02) @ (A202)'r, and let GL2(OF,p) = I1e|p GL2(OF,)
act on A via 1~ on the T-factor. In particular, A ®¢, C = ®.r ,cSym‘™2(C?) @ (A2C2)%r,
which has an obvious action of GLy(Fx), and the two actions of GLy(Op,(,)) (via its embed-
dings into GL(OF,;) and GL;(F«)) are compatible.

Let A be finite O-module. Then we define S(U, A) = S ,.y,x, (U, A) to be the spaces of
functions

¢ : D*\GLy(AF) > A®p A
such that for all g € GLy(AP),u € U,z € (A¥)*, we have

¢(guz) = xoa(2)9(us) 11, 9(g)-

Since D*\ GL,(A¥)/U(A¥)™ is finite, we see in particular that S(U, O) is a finite free O-
module. It has a Hecke action in the obvious way: let T:= O[T,S, : v { p,v ¢ S], and let

0 1) 0
Ty, be the image of T in Endp(S(U, O)), so that Ty; is a commutative O-algebra which acts

: . @y 0 @, 0
Ty, Sy act via the usual double coset operators corresponding to | ° y ) . Let

faithfully on S(U, O), and is finite free as an O-module.

By definition, we see that

~ S
S(U,0) @p, € > Homy, (C(y "), S, ™),
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with the map being

P (81 8w Ugp9(8™))),
and the target of the isomorphism being the elements ¢ € Sy, with z¢ = xo(z)¢ for all z €
(A®)*, ugp = p(ug) ¢ for all u € U. This isomorphism is compatible with the actions of T
on each side. The target is isomorphic to

_ GL, (O
& Homy (C(p), 715) @ @)y gty 2%,

where the sum is over the cuspidal automorphic representations 7 of Gp (A®) of weight (k, 77),
which have central character )( and are unramified outside of S (so that in particular, forv ¢ S,

GLy(Of,) . . .
Ty 2(O%) i a one-dimensional C-vector space).

By strong multiplicity one, this means that we have an isomorphism

Ty ®o, C = I C
7T as above, with HomuS (C(p~1),75)#(0)

GL;(

sending Ty, Sy to their eigenvalues on 7, O ”). (Note in particular that this shows that Ty
is reduced.) This shows that there is a bijection between i-linear ring homomorphisms 6 :
Ty — C and the set of 7T as above, where 7t corresponds to the character taking Ty, Sy to their

corresponding eigenvalues.

Each 7 has a corresponding Galois representation. Taking the product of these representa-
tions, we obtain a representation

o™ : Gp — [JGLa(L) = GLy(Ty ®0 L),
s

which is characterised by the properties that it is unramified outside of S U {v|p}, and for any
v ¢S, v p, wehave tr ™4 (Frob,) = T,, det p™°4(Frob,) = S,#k(0v).

Let m be a maximal ideal of Ty;. Then if p C m is a minimal prime, then there is an injec-
tion 6 : Ty;/p < L, which corresponds to some 7 as above. (This follows from the going-up
and going-down theorems, and the fact that Ty; is finitely generated and free over O.) The
semisimple mod p Galois representation corresponding to 7 can be conjugated to give a rep-
resentation p, : Gr — GLy(T;/m) (because the trace and determinant are valued in Ty;/m,
which is a finite field, and thus has trivial Brauer group). This is well defined (up to isomor-
phism) independently of the choice of p and 6 (by the Cebotarev density theorem).

Since Ty is finite over the complete local ring O, it is semilocal, and we can write T;; =
[Tin Tu,m- Suppose now that p is absolutely irreducible. Then we have the representation

pmed s Gy — GLy(Tym ®o L) = [ JGL2(L),
7T

where the product is over the 7t as above with p, | = p,, . Each representation to GL; (L) can
be conjugated to lie in GL,(Or), and after further conjugation (so that the residual representa-
tions are equal to p,,, rather than just conjugate to it), the image of pm°? lies in the subring of
[T GL2(Oy) consisting of elements whose image modulo the maximal ideal of L lie in Ty /m.
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We can then apply Lemma 3.7]to see that p°? can be conjugated to lie in GL (T ). We will
write P14 : Gp — GLy(Ty 1) for the resulting representation from now on.

We will sometimes want to consider Hecke operators at places in S. To this end, let T C S
satisfy 9|y, = 1, and choose g, € GL,(Fy) for each v € T. Set W, = [Uygoly|, and define
Ty € T} € Endp(S(U, O)) by adjoining the W, for v € T. This is again commutative, and
finite and flat over O. However, it need not be reduced; indeed, we have

T}, ®0,C = @y Qyer { subalgebra of Endc(ny”) generated by W, },

so that there is a bijection between i-linear homomorphisms T;; — C and tuples (77, {ao }veT),
where a; is an eigenvalue of W, on ng”.

We can write
GLy(AF) = [ [D*giU(AF)”
icl
for some finite indexing set I, and so we have an injection S(U, A) — @;c;(A® A), by sending
¢ — (¢(gi)). To determine the image, we need to consider when we can have g; = dg;uz for
6 € D*,z € (AY)”, u € U (because then ¢(g;) = Pp(5g;uz) = x0,(2)p(us) 'u,'d(g;)). We
see in this way that we obtain an isomorphism

S(U, A) = Bici(A @ A)URE) g D*g) /F*

We need to have some control on these finite groups G; := (U(AF)* N gi_lDX Qi)/F*.
(Note that they are finite, because D* is discrete in Gp(AF).) Since we have assumed that
p > 3 and p is unramified in F, we see that [F({y) : F|] > 2. Then we claim that G; has order
prime to p. To see this, note that if g;” 15g; is in this group, with § € D*, then 62/ detd €
D*Ng; Ugi_l (det U), the intersection of a discrete set and a compact set, so 42/ det § has finite
order, i.e. is a root of unity. However any element of D generates an extension of F of degree
at most 2, so by the assumption that [F({,) : F] > 2, it must be a root of unity of degree prime
to p, and there is some p f N with 62N € F*, so that g;légi has order prime to p, as required.

5.3. Proposition. (1) We have S(U, O) ®0p A — S(U, A).

(QIf V is an open normal subgroup of U with #(U/V') a power of p, then S(V,O) is a free
ou/vun (AR)*)]-module.

Proof. (1) This is immediate from the isomorphism S(U, A) — ®;c;(A ® A)%i, because the
fact that the G; have order prime to p means that (A ® A)% = (A)% ® A.

(2) Write U = ;e u;V(UN (AF)™). We claim that we have GLo (AF) = [jerje) D™ giujV(AF)™,
from which the result is immediate. To see this, we need to show that if gju; = dg;uvz then
i=iandj=7.

Thati = i’ is immediate from the definition of I, so we have u j/vu-_lz = gl._lé ~lg;. Asabove,

]
there is some positive integer N coprime to p such that 6V € F*, so (ujrvuj_l)N € (AP)™.

hN — (u-/uj*l)Nv’ for some v/ € V, so that

Since V is normal in U, we can write (u]-/vu]f j
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u]-/u]fl)N € V(UN(AY)*). Since #(U/V) is a power of p, we see that in fact uj/ufl €
V(UN(AP)*),so that j = j' by the definition of J. O

5.4. Base change. We begin by using base change to reduce to a special case. By Facts [4.22]
and[4.26] we can replace F by a solvable totally real extension which is unramified at all primes
above p, and assume that

[F : Q] is even.
e p is unramified outside p.

For all primes v { p, both p(Ir,) and po(Ir,) are unipotent (possibly trivial).

If p or pg are ramified at some place v { p, then p|, is trivial, and #k(v) =1 (mod p).

detp = detpg. [To see this, note that the assumption that p, pg are crystalline with
the same Hodge-Tate weights for all places dividing p implies that detp/ detpg is
unramified at all places dividing p. Since we have already assumed that p(If,) and
po(Ir,) are unipotent for all primes v { p, we see that the character detp/ detpp is
unramified at all primes, and thus has finite order. Since it is residually trivial, it has
p-power order, and is thus trivial on all complex conjugations; so the extension cut out
by its kernel is a finite, abelian, totally real extension unramified at all places dividing
p, as required.]

We will assume from now on that all of these conditions hold. Write x for detp = det pp; then
we have xe, = xo, for some algebraic grossencharacter yo.

From now on, we will assume without further comment that the coefficient field L is suffi-
ciently large, in the sense that L contains a primitive p-th root of unity, and for all ¢ € G, F
contains the eigenvalues of p(g).

5.5. Patching. Having used base change to impose the additional conditions of the previous

section, we are now in a position to begin the main patching argument.

We let D/F be a quaternion algebra ramified at exactly the infinite places (which exists by
our assumption that [F : Q] is even). By the Jacquet-Langlands correspondence, we can and
will work with automorphic representations of Gp (AF) from now on.

Let T, be the set of places of F lying over p, let T; be the set of primes not lying over p at
which p or pg is ramified, and let T = T, [[T;. If v € T,, write 0y, for a choice of topological
generator of Ig,/Pr,. By our assumptions above, if v € T, then p|g,., is trivial, p|r , ool are
unipotent, and #k(v) =1 (mod p).

The patching argument will involve the consideration of various finite sets Q of auxiliary

finite places. We will always assume that if v € Q, then

e ¢ T,
e #k(v) =1 (mod p), and
e p(Froby) has distinct eigenvalues, which we denote &, and B,,.
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For each set Q of primes satisfying these conditions, we define deformation problems Sp =
(TUQ,{Dy}, x) and S’Q = (TUQ,{DL}, x) as follows. Let { be a fixed primitive p-th root of
unity in L.

—_ D! 0 — RO
e If v € Ty, then D, = D, is chosen so that R o, /I(Dv) = RP‘GFU xer,{HTo ()}

e Ifv € Q, then D, = D), consists of all lifts of p|GFv with determinant x.
e Ifv € T), then D, consists of all lifts of p|g, with char () (X) = (X — 1)2, while D),
consists of all lifts with char ;) (X) = (X — {)(X — .

So, the difference between Sy and Sy is that we have allowed our deformations to ramify at
Q y
places in Q.) We write

R = ®,er0RY  /I(Dy), R = &,croRS  /1(D)).

plog, X plog, X

Then RI°¢/A = R1°¢’ /), because = 1 (mod A). In addition, we see from Theorems
and B.38 that

e (Rloe')red g jrreducible, O-flat, and has Krull dimension 1+ 34T + [F : Q],

e (Rloc)red jg O-flat, equidimensional of Krull dimension 1+ 3#T + [F : Q], and reduction
modulo A gives a bijection between the irreducible components of Spec R and those
of Spec RI°¢ /A,

We have the global analogues R‘é“i"' RUnY RuruV ;= Runiy RO .= RUI RD =R, and

0, S ’ = S/ 7 Q- 0, SQ — 8/ s
we have RF™/A = Rumv /A, RD /A = RD /A. There are obvious natural maps R — RS
Rloe’ RS ,and these maps agree after reductlon mod A.

univ uan

We can and do fix representatives o3V, 0" for the universal deformations of p over

R‘ém" R‘ém" respectively, which are compatible with the choices of p”m",p%niv’l, and so that
the induced surjections

. . ., .,
Ruan s Ruan, RUI’IIV s Rumv,
are identified modulo A.

Fix a place vy € T, and set J := O[Xy, loeT,ij=12/(Xoy1,1)- Let a be the ideal of J gen-
erated by the X; ; ;. Then our choice of pu““’ gives an identification RS - R‘é“i"@o J, corre-
sponding to the universal T-framed deformation (p“m" {1+ (Xu,ij) boer)-

Now, by Exercise [3.34} for each place v € Q we have an isomorphism p“m"|GFv = Xa © Xp/
where xa, Xp : Gp, — (R‘ém") , where (x, mod mRLém )(Froby,) = &y, (Xﬁ mod mRLémv)(Frobv) —

By
Let Ay be the maximal p-power quotient of k(v) . Then x«|y,, factors through the composite
IFZ, —» IFU/PFU —» k(ZJ)X —» AU,

and if we write Ag = [Tpeg Ao, (ITXa) : g — (R‘éni") *, then we see that (R‘é“iV)AQ = RYV,
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The isomorphism REY — RYWVE, 7 and the homomorphism Ap — (RYWWY)* together
P Q 9] P Q Q 4

give a homomorphism J [Ag] — RS. In the same way, we have a homomorphism J[Ag] —

RS’/, and again these agree modulo A. If we write ag := (a,6 — 1)sen, < J[Aq), then we see
that RS /ag = RYY, and that RS', /ag = R‘g‘iv'/, and again these agree modulo A.

We now examine the spaces of modular forms that we will patch. We have our fixed iso-
morphism 7 : L — C, and an algebraic grossencharacter x such that xe, = xo,. Define k, 7
by HT:(p0) = {#:it, ix + kir — 1}. We define compact open subgroups Ug = [ Ug », where:

o Ugy, =GLy(Op,)ifv £ QUT,,

o Uy, =Uy(v) ={ I) (mod v)} if v € T}, and

0

o Up, = {(i Z) € Up(v)|a/d (mod v) € k(v)* +— 1€ Ay}ifve Q.

Welet ¢ : [Tyer, Ug,o — O be the trivial character. Similarly, we set U’Q = Up, and we define
¢ i Tlyer, Ugw — O in the following way. For each v € T,, we have a homomorphism

Up, — k(v)* given by sendin, a b toa/d (mod v), and we compose these characters
Q g y g c d p

with the characters k(v)* — O* sending the image of o, to {, where 0, is a generator of
I,/ Pf,.

We obtain spaces of modular forms S(Ug, O), S(Up, O) and corresponding Hecke alge-
bras Ty, Tub (generated by the Hecke operators Ty, S, with v ¢ T U Q). Note that = ¢/
(mod A), so we have S(Ug,O)/A = S(Uy, O)/A. We let mg < Ty, be the ideal gener-
ated by A and the trp(Frob,) — T,, detp(Frob,) — #k(v)S,, v ¢ T. This is a proper maxi-
mal ideal of Ty, because it is the kernel of the homomorphism Ty, — O — [F, where the
map Ty, — O is the one coming from the automorphicity of pg, sending T, — tr po(Frob,),
Sy — #k(v)~! det po(Froby).

By the universal property of RW", we have a surjection R&¥"Y — Ty := Ty, m,, and a
corresponding lifting p™°¢ : Gr — GLy(Tgy) of type Sp. Similarly, we have a surjection
R}g‘”/ - T = Tyt m,- Set Sg 1= S(Ugz, O)my, S := S(UL, O)m,- Then the identification
RUniv /) o RUWY /) js compatible with Sg /A = S, /A.

We claim that in order to show that p is modular, it suffices to show that Supp Runiv (Sg) =

Spec RWY. Suppose that this is true; then since Sy is a faithful Tg-module by definition, we
see that ker(RYY — T4) is nilpotent, so that (R&V)rd = T Then p corresponds to some
homomorphism R%“i" — O, and thus to a homomorphism Ty — O, and the composite of
this homomorphism with 7 : O < C corresponds to a cuspidal automorphic representation 7
of Gp(AY) of weight (k, #7), which by construction has the property that p = p,,, as required.
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To show that Supppuiv(Sz) = Spec RYMY, we will study the above constructions as Q
varies. Letmg </'Tyy, be the maximal ideal generated by A, the tr p(Frob, ) — T, and det p(Frob, ) —
#k(v)S, forv ¢ TU Q, and the Uy, — &, for v € Q, where

@, 0
Ug, < 0” 1) Ug,

We write Sg = Sy, := S(Ug, O)my, and Tq := (Tyy)m,- We have a homomorphism

U@v =

Ag — End(Sg), given by sending § € A, to € Up(v). We also have another homo-

o
01
morphism Ag — End(Sg), given by the composite
Ag = RE™ — T — End(Sp).
We now examine the consequences of local-global compatibility at the places in Q. A ho-

momorphism 6 : Tg — C corresponds to a cuspidal automorphic representation 7, and for

. . . . u
each v € Q the image ay of Uy, is such that «; is an eigenvalue of U, on 71, Q0 (),

It can be checked that since ng 20 (v) # 0, 71y is necessarily a subquotient of x; X X for some
tamely ramified characters x1, x2 : F;* — C*. Then one checks explicitly that

(x1 x XZ)UQ'U(U) = Copp © Coo,

01
where w = <

1 0) ,$1(1) = ¢puw(w) = 1,and Supp ¢1 = B(F,)Up,(v), Supp ¢ = B(Fp)wlp,,(v).

Further explicit calculation shows that
Ua,r = #k(0)!/2x1 (70)91 + Xguo
for some X, which is 0 if 1/ x» is ramified, and
Up, puw = #k(0)Y 2 x2(70) oo

Note that by local-global compatibility, 1~ (#k(v)1/2x1 (7t5)) and 1~ (#k(v)'/?x2(71,)) are the
eigenvalues of p,(¢y), so one of them is a lift of @, and one is a lift of B,,.

It is also easily checked that

1) 1)
(0 (1)> $1 = X1(5)¢1/ (0 (1)> bw = X2(5)¢w-

By local-global compatibility,
p?‘l’,lﬁ/?/ﬁ) = (xal- |_1/2 ® x| - |_1/2) oArt;vl = Xp D X,

say. Reducing modulo A, we see that {@y, B,} = {#k(v)'/217 (%1 (7o), #k(0) /271 (X, (710)) }-
As a consequence, we see that x1/x2 # | - |*! (as if this equality held, we would have @, /B, =
#k(v)*! = 1 (mod A), contradicting our assumption that @, # f3,). Consequently we have
Ty = X1 X X2 = X2 X X1, so that without loss of generality we have X; (71,) = B,, X2 (7) = Xo.
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We see that Sp ®p, C = @ Qe Xo, where X; is the 1-dimensional space where U, acts
via a lift of &,. Since this space is spanned by ¢, we see that A, acts on Sg via x2 = xa 0 Art,
so that we have proved the following important fact.

5.6. Fact. The two homomorphisms Ao — End(Sgp) (the other one coming via R‘é“i") are equal.

Let Ugyp := [Togo Ugw [Toeo Uo(v). Then Ug is a normal subgroup of Ug o, and Ug g/ Ug =
Ao.

5.7. Fact. Sg is finite free over O[Ag].
Proof. This is immediate from Proposition[5.3(2). O

Fix a place v € Q. Since &, # B,, by Hensel’'s lemma we may write char p3° (Frob,) =
(X — Ap)(X — By) for some Ay, By € Ty with Ay = @, By = B, (mod mg).

5.8. Proposition. We have an isomorphism [T,eo(Ua, — Bo) : So — S(Ug,0, O)mg-

Proof. We claim that it is enough to prove that the map is an isomorphism after tensoring with
L, and an injection after tensoring with IF. To see this, write X := Sz, Y := S(UQ,O, O)mQ, and
write Q for the cokernel of the map X — Y. Then X, Y are finite free O-modules, and if the
map X ® L — Y ® L is injective, then so is the map X — Y, so that we have a short exact
sequence 0 -+ X — Y — Q — 0. Tensoring with L, we have Q ® L = 0. Tensoring with F, we
obtain an exact sequence 0 - Q[A] - X®QF - Y®F — Q®F — 0, so we have Q[A] = 0.
Thus Q = 0, as required.

In order to check that we have an isomorphism after tensoring with L, it is enough to check
that the induced map [Toe (U, — Bo) : So ®0, C = S(Ug0, O)my ®o, C is an isomorphism.
This is easily checked: Sg ® C & @7 ®yeq (X1,0 X X2,0) 2%, and (x1,0 X x2,0)2(OR) =
C¢o, where ¢y is as in Exercise @3). Similarly, S(Ug,, (’))mQ ®0,C = ®r Dyeq My, where
M, is the subspace of (X1, X X2,0)0(?) on which Uy, acts via a lift of &,, which is spanned by
¢w. Since the natural map ()1, X Xz,v)GLZ(OFv) — (1,0 ¥ XZIU)UO(U) sends ¢g — ¢1 + ¢ (as
¢0(1) = ¢o(w) = 1), the result follows.

It remains to check injectivity after tensoring with IF. The kernel of the map would be a
nonzero finite module for the Artinian local ring Ty /A, and would thus have nonzero mg-
torsion, so it suffices to prove that the induced map

[](Us, —Bo) : (So ® F)[mg] — S(Ugo, O)my @ F

veQ
is an injection. By induction on #Q, it suffices to prove this in the case that Q = {v}. Suppose
for the sake of contradiction that there is a nonzero x € (Sg ® F)[mg] with (Ue, — B,)x = 0.
Since x € Sz ® IF, we also have T,x = (&, + f,)x, and we will show that these two equations
together lead to a contradiction.
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Now, x is just a function D*\ GLy(A¥) — A ® F, on which GL,(A%) acts by right trans-
lation. If we make the action of the Hecke operators explicit, we find that there are g; such

1 O
that U, = [1;§ilUpo(v), and Ty = (11;8i GL2(OF,)) 11 0

1 0 0 1 0
x = Tyx — Up,x = wpx. Then Mo X =w wx = wyx, and Up,x =
0 7y 0 1 0 7y

Ty a 1 a 0 _ _ -
ZaGk(U) <0v 1) X = ZaGk(U) <0 1) (02; 1) X = #k(v)zxvx = &oX. But u@vx = IB‘UX’ 50

@, = f,, a contradiction. =

GL,(OF,), so that we have

Set SS = Sg ®R‘5‘iv RS. Then we have SS/aQ = S(Up0, O)m, — So, compatibly with

mQ
the isomorphism Rg /ag — RYW. Also, SS is finite free over J[Ag].

We now return to the Galois side. By Proposition we can and do choose a presentation
O
Rloc[[xl, ‘e ,thﬂ - RQT,
where hg = #T +#Q — 1 — [F : Q] 4 dimp HlQ(Gp,T, (ad%p)(1)), and Hé(Gp,T, (ad®p)(1)) =
ker(H'(Grr, (ad°p)(1)) — @oe@H' (Gi(r), (ad*p)(1)).
The following result will provide us with the sets Q that we will use.

5.9. Proposition. Let r = max(dim H'(Gr1, (ad°p)(1)),1+ [F : Q] — #T). For each N > 1,
there exists a set Qn of primes of F such that

e ONNT = 2.

Ifv € Q, then p(Froby) has distinct eigenvalues &, # B.,.

Ifv € Qu, then #k(v) =1 (mod pN).

#QN =Tr.

RSIZ (respectively Rg;’/) is topologically generated over R1° (respectively Rloc/) by #T —1—
[F : Q] + r elements.

Proof. The last condition may be replaced by
o H}, (Grr, (ad"p)(1)) = (0).

Therefore, it is enough to show that for each 0 # [¢] € H' (G, (ad°p)(1)), there are infinitely
many v ¢ T such that

o #k(v) =1 (mod pN).
o p(Frob,) has distinct eigenvalues RU,BU.
e Res[¢] € Hl(Gk(v), (ad®p)(1)) is nonzero.

(This then gives us some set of primes Q) with the given properties, except that #Q may be too
large; but then we can pass to a subset of cardinality 7, while maintaining the injectivity of the
map H'(Gr,r, (ad’p) (1)) = DoeoH" (Gy(y), (ad "p)(1)).
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We will use the Cebotarev density theorem to do this; note that the condition that #k(v) = 1
(mod p) is equivalent to v splitting completely in F (¢pn), and the condition that p(Froby)
has distinct eigenvalues is equivalent to asking that ad p(Frob,) has an eigenvalue not equal
to 1.

Set E = ?keradp(gpN)‘ We claim that we have H'(Gal(E/F), (ad%0)(1)) = (0). In or-

der to see this, we claim firstly that {, ¢ fker ad‘T). This follows from the classification of fi-
nite subgroups of PGL(F,): we have assumed that Imp 2 SLy(FF,), and this implies that
Imadp = PGL,(IF;s) or PSLy(IFs) for some s, and in particular (Imad p) ab s trivial or cyclic

keradp

of order 2. Since p > 5, we have [F({,) : F| > 4,50, ¢ F , as claimed.

The extension E / Freradp i abelian, and we let E( be the intermediate field such that Gal(E/ Ey)

has order prime to p, while Gal(Ey/ fkeradﬁ) has p-power order. Write I'1 = Gal(Ey/F),
I'y = Gal(E/Ep). Then the inflation-restricton exact sequence is in part

(0) — H'(T'y, (ad p)(1)"?) — H'(Gal(E/F), (ad°p)(1)) — H'(I2, (ad*p) (1)),

so in order to show that H (Gal(E/F), (ad °p) (1)) = (0), it suffices to prove that H*(T';, (ad °p) (1)"2) =
H'(I, (ad °p) (1)) = (0).

In fact, we claim that (ad °p)(1)'2 and H'(T'5, (ad p) (1)) both vanish. For the first of these,
note that I'y acts trivially on ad % (since Eg contains faa aClp), but that ¢, ¢ Eq (as [Ep : preradp ]
is a power of p). For the second term, note that I'; has prime-to-p order.

Suppose that #k(v) =1 (mod p), and that p(Frob,) = (0;)0 9 ) . Then ad °p has the basis

Py
(1 0 ), (0 1) , (0 0> of eigenvectors for Frob,, with eigenvalues 1, &,/ Bv, Bv/ Xy re-
0 -1 0 0 10
spectively. Consequently, we see that there is an isomorphism H' (Gi(o), (ad 95)(1) = FF (since
in general for a (pro)cyclic group, the first cohomology is given by passage to coinvariants),
which we can write explicitly as [¢] — 71, o ¢p(Froby) o iy, where i, is the injection of FF into the
w,-eigenspace of Frob,, and 7, is the Frob,-equivariant projection onto that subspace.

Let 0p be an element of Gal(E/F) such that

o 00(En) = Ly
e p(7) has distinct eigenvalues @, B.

(To see that such a oy exists, note that Gal(fkerp /F(Z,n) N fkerﬁ) contains PSL;(IF,), and so
we can choose 0y so that its image in this group is an element whose adjoint has an eigenvalue
other than 1.) Let E/E be the extension cut out by all the [¢] € H'(Gg 1, (ad ") (1)). In order to
complete the proof, it suffices to show that we can choose some o € Gal(E/F) with ¢|g = 0y,
and such that in the notation above, we have 7y, o ¢(0) 0 iy, # 0, because we can then choose
v to have Frob, = ¢ by the Cebotarev density theorem.
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To this end, choose any 0y € Gal(E/F) with Gy|r = 0. If 5y does not work, then we have
Tlwy © ¢(G9) 0 ig, = 0. In this case, take ¢ = 070 for some ¢q € Gal(E/E). Then ¢(c) =
¢(0100) = ¢(01) + 019(00) = ¢(01) + ¢(00), 50 7Ty © P(0) 0 iy = Ty, © P(01) © iy

Note that ¢(Gal(E/E)) is a Gal(E/F)-invariant subset of ad g, which is an irreducible
Gal(E/F)-module, since the image of p contains SL,(IF). Thus the [F-span of ¢(Gal(E/E)) is
all of ad Oﬁ, from which it is immediate that we can choose 07 so that 77y, o ¢(07) 0 iy # 0. O

We are now surprisingly close to proving the main theorem! Write h :=#T —1—[F : Q] + 7,
and Re := Rloc [x1,...,xy]. For each set Qyn as above, choose a surjection Ree — RSN. Let
Jeo = Jy1,---,yr]. Choose a surjection Jeo — j[AQN], given by writing Qn = {v1,...,0r}
and mapping y; to (; — 1), where 7; is a generator of A,,. Choose a homomorphism Je — Reo
so that the composites Joo — Roo — RSN and Jo — J[Ag,] — RSN agree, and write
oo := (a,¥1,...,Yr). Then SSN/aoo = Sy, RSN/aoo = R‘g‘i".

Write by := ker(Jo — J[AQ,]), so that SSN is finite free over Jw/by. Since all the
elements of Qy are congruent to 1 modulo pN, we see that by C ((1 + yl)”N -1,...,(1+
]/r)pN —1).

We can and do choose the same data for R, in such a way that the two sets of data are
compatible modulo A.

Now choose open ideals ¢y <1 Je such that

cvNO = ()\N)
[ CNQ bN'

® (N 2 CNyT-
e Nycy = (0)
(For example, we could take ¢y = ((1+ Xv,i,j)PN -1,(1+ yi)pN —1,AN).) Note that since

cy 2 by, SSN /¢ is finite free over Joo/c. Also choose open ideals o < R%“i" such that

e oy C ker(RWY — End(Sz/AN)).
® Oy 2 ON41-
e NNON = (0)
If M > N, write S,y n = SSM /¢eN, so that Sy is finite free over Jw /¢y of rank equal to the

O-rank of Sg; indeed sy N/ aco 5 S5 /AN. Then we have a commutative diagram

T Reo R%niv /DN

() ()

SMN — Sg /0N

where Sy N, S /0N and R‘g‘i" /o all have finite cardinality. Because of this finiteness, we see
that there is an infinite subsequence of pairs (M;, N;) such that M;,; > M;, N;;1 > N;, and



44 TOBY GEE

the induced diagram

\700 Roo R%niv / DN,-

() ()

SMici N /N, = Sz /0N,

is isomorphic to the diagram for (M;, N;).

Then we can take the projective limit over this subsequence, to obtain a commutative dia-
gram

Too Reo R%niv

0

Soo%-)Sg

where Se is finite free over Je. Furthermore, we can simultaneously carry out the same
construction in the ’ world, compatibly with this picture modulo A.

This is the key picture, and the theorem will now follow from it by purely commutative
algebra arguments. We have dim R, = dim R}, = dim J& = 4#T + r, and since Se, S}, are
finite free over the power series ring J«, we have depth T (Soo) = depth T (Soo) = 44T +r.
Since the action of Je on Se factors through R, we see that depthRm(Soo) > 4#T + r, and
similarly depthg, (S¢,) > 4#T +r. Now, if P < R(, is a minimal prime in the support of Sg,,
then we see that

4T + r = dim R}, > dim R}, /P > depthy, ,p S, > 4#T +7,

so equality holds throughout, and P is a minimal prime of R},. But R}, has a unique minimal
prime, so in fact Suppy, (Si) = Spec Re,.

By the same argument, we see that Suppy (S«) is a union of irreducible components of
Spec Roo. We will show that it is all of Spec Re by reducing modulo A and comparing with the
situation for S..

To this end, note that since Suppy, (Ss) = Spec R, we certainly have Supppg, ,,(Se/A) =
Spec R,/ A. By the compatibility between the two pictures, this means that Supp_,,(Seo/A) =
Spec R/ A. Thus Suppy_(Ses) is a union of irreducible components of Spec Reo, which con-
tains the entirety of Spec R« / A. Since the irreducible components of Spec R, / A are in bijection
with the irreducible components of Spec R, this implies that Suppy (Se) = Spec Reo. Then
Suppg_. /4., (Seo/ o) = Reo/ Ao, i.€. Supp Runiv Sz = RYWY, which is what we wanted to prove.

6. LEVEL RAISING AND LOWERING

6.1. Level raising and lowering: the Khare-Wintenberger method. So far, our arguments
have been directed towards proving the modularity of Galois representations. It turns out
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that they can also be applied to the internal study of modular forms, by producing congru-
ences between modular forms. Of course, these congruences can also be stated as congruences
between the associated Galois representations, and indeed are often best stated in these terms.

The kind of congruences that we will be particularly concerned with are of the following
kind: given an automorphic representation 7t and the associated p-adic Galois representation
P, we would like to find another automorphic representation 7’ such thatp,,, = p,, ,, and
such that 77’ has different local properties to 7. What do we mean by “different local prop-
erties”? There are several things we could mean by this, but for the purposes of the present
discussion, we will mean that at some primes v { p, 77, and 7tl, have different conductors. If
the conductor of 71}, is greater than that of 7, we are considering “level raising”, and if the
conductor of 71}, is less that of 7, the problem is called “level lowering”.

Both of these problems long predate modularity lifting theorems, and indeed results on
both were ingredients in the original Taylor-Wiles arguments. However, the most general
results now known about these problems come from modularity lifting theorems, and indeed
there is now a fairly complete theory, even for n-dimensional representations. We will now
sketch the argument; one of the first exercises is to fill in the details.

It is possible to rephrase the problem in a fashion that makes the connection to modularity
lifting theorems more apparent. Suppose that we have a Galois representation p which satisfies
the hypotheses of our main theorem with pg = pr,,. Then p is modular, so p = p s, for some 7’.
Then arranging that 7}, has the required conductor is (by the local Langlands correspondence)
simply a question of arranging that p|g, corresponds to a point of a deformation ring of a
particular type. In fact, we can even ask for refinements, where we specify precisely which
component of the local deformation ring we should be on.

So, modularity lifting theorems reduce the problem of level raising and level lowering to
that of producing a particular Galois representation. At first sight, this may not be an obvious
simplification, but we can now rephrase the problem in terms of universal Galois deformation
rings. Indeed, the representation p corresponds to a @p—point on an appropriate Galois defor-
mation ring RS" (given by choosing an inertial type at finitely many primes v { p, and by the
Fontaine-Laffaille condition at places v|p), so it is enough to check that R™" has Q,-points.

You might hope that this could be accomplished by purely commutative algebra arguments,
but this seems to be hard. However, we can make a start using Proposition under the
Taylor—Wiles assumption that ﬁ|GF(€p> is irreducible, we see that dim Rg,niv > 1. On its own,
this doesn’t give us anything, because R"" could be a power series ring over F. However,
we claim that it is also the case that R¥V is finite over O; this is enough, by (for example)
Proposition 2.2 of [KWQ9].

In order to show that Rgni" is finite over O, we return to the world of modularity lifting
theorems. Indeed, an output of the modularity lifting theorem we proved is that R{Y is a
finite O-module. To see this, note that we have identified (RW)*d with a certain Hecke
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algebra, which is certainly finite over O (as it is a subalgebra of the endomorphism ring of a
finite O-module). Then R‘g‘i"/ M guniv is 0-dimensional and Noetherian, hence Artinian, and it

follows from the topological version of Nakayama'’s lemma that R is finite over O.

So, if we are in a situation where Rg“i" satisfies the hypotheses that we imposed on RYY,
then we are done. Unfortunately, it is not always the case that those hypotheses are satisfied;
indeed, a crucial part of the argument was to use base change to put ourselves in the situation
that all of the primes at which p or py were ramified satisfied some rather restrictive hypothe-
ses. This might seem to be a limitation, but we are rescued by Proposition This shows
that in order to show that Rg“i" is finite over O, it is enough to show that Rgr,‘i" is finite over O,
where S’ is the base change of S (which is defined in the obvious way); so if we make the base
change that we made at the start of the proof of the main theorem, we can write Rgf,‘i" = Ry,
and we are done.

7. THE PROJECT (ARIZONA WINTER SCHOOL MARCH 2013)

The first three items below should all be achievable in the project; the later items are more
speculative, and will require some new ideas.

(1) Generalise the main result of [DT94] to Hilbert modular forms, under the usual Taylor—
Wiles condition (i.e. that if p : Gr — GLy(FF) is the representation under considera-
tion, then pg, @) is irreducible). (This is mostly a matter of expanding the sketch given
in Section|[6.1})

(2) Further generalise this result to allow Hilbert modular forms of weight other than
parallel weight two.

(8) Prove the corresponding results for automorphic forms on quaternion algebras.

(4) To what extent can these results be combined with results on the weight part of Serre’s
conjecture, to allow finer control on the representations at p?

(5) Isit possible to relax the assumption that the Taylor-Wiles condition holds?

(6) What about the case p = 2? (Note that the case p = 3 is discussed in sectionbelow.)

There are also some interesting questions relating to topics that have not been covered in these
notes, but which should be accessible without learning huge amounts of new material.

(7) What are the most general statements about multiplicity one for mod p automorphic
forms on quaternion algebras that can be proved via modularity lifting theorems, using
the method of [Dia97] (cf. the recent preprint [BD12] for some results for totally real
fields).

There are analogous automorphy lifting theorems available for rank 2 unitary groups (indeed,
for rank n unitary groups), and some results on level raising and lowering are available (cf.
Theorem 3.1.2 of [BLGG13])), but they all involve an assumption that should be unnecessary,
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namely that the Galois representations are only ramified at primes that split in the splitting
field of the unitary group.

(8) Remove this condition, by developing the deformation theory at nonsplit primes.

8. GENERALISATIONS

8.1. Relaxing the hypotheses. The hypotheses on our main theorem are not optimal. We will
now briefly indicate the “easy” relaxations of the assumptions that could be made, and discuss
the generalisations that are possible with (a lot) more work.

Firstly, it is possible to relax the assumption that p > 5, and that Imp 2 SL,(IF,). These
assumptions cannot be completely removed, but they can be considerably relaxed. The case
p = 2is harder in several ways (and indeed there are no automorphy lifting theorems available
for GL, and p = 2 with n > 2), and I will say nothing more about it, except that important
theorems have been proved in this case, for example the results of [Kis09b] which completed
the proof of Serre’s conjecture.

On the other hand, the case p = 3 presents no real difficulties, and we can also allow the
image of p to be considerably smaller. Firstly, we consider the case p = 3. The first place that
we assumed that p > 3 was in the proof of Proposition this argument could also break
down for cases when p > 3 if we allowed p to ramify in F, which in general we would like to
do. Fortunately, there is a simple solution to this problem, which is to introduce an auxiliary
prime v to the level, to make it sufficiently small that the finite groups G; have order prime to p.
This prime is chosen in such a way that all deformations of p|¢, are automatically unramified,
so none of the global Galois deformation rings that we work with are changed when we relax
the conditions at v. The existence of an appropriate v follows from the Cebotarev density
theorem and some elementary group theory; see Lemma 4.11 of [DDT97] and the discussion
immediately preceding it.

We now consider the possibility of relaxing the assumption that Imp 2 SL;(IF;,). We should
certainly assume that p is absolutely irreducible, because otherwise many of our constructions
don’t even make sense; we always had to assume this in constructing universal deformation
rings, in constructing the universal modular deformation, and so on. (Similar theorems have
been proved in the case that p is reducible, cf. [SW99], but the arguments are considerably
more involved, and at present involve a number of serious additional hypotheses, in par-
ticular ordinarity.) Examining the arguments made above, we see that the main uses of the
assumption that Imp O SL,(IF) is in the proof of Proposition Looking more closely at the
proof, the key assumption is really that p|g, @) is absolutely irreducible; this is known as the
“Taylor-Wiles assumption”. (Note that by elementary group theory, this is equivalent to the
absolute irreducibility of p|¢,, where K/F is the unique quadratic subextension of F({,)/F; in

W72y

particular, over Q the condition is equivalent to the absolute irreducibility of p|
Q

which is how the condition is stated in the original papers.)
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Unfortunately this condition isn’t quite enough in complete generality, but it comes very
close; the only exception is certain cases when p = 5, F contains Q(+/5), and the projective
image of p is PGLy(IF5). See [Kis09¢, (3.2.3)] for the definitive statement. Without assuming
that p|g, @) is absolutely irreducible, the argument runs into trouble at this point, and the
only results are those of [SWO01] in the ordinary case, which use similar arguments to those
of [SW99].

The other conditions that we could hope to relax are the assumptions on plg, ,polc,, at
places v|p. We’ve hardly discussed where some of these assumptions come from, as we swept
most issues with p-adic Hodge theory under the carpet. There are essentially two problems
here. One is that we have assumed that p is unramified in F, that the Galois representations
are crystalline, and that the gaps between the Hodge-Tate weights are “small”; this is the
Fontaine-Laffaille condition. There is also the assumption that p, oy have the same Hodge-
Tate weights.

Both conditions can be considerably (although by no means completely) relaxed. For the
first restriction, the fundamental difficulty is in understanding the local deformation rings,
which are no longer smooth in general. In the Fontaine-Laffaille case, the integral p-adic
Hodge theory is very simple, and amenable to direct computation. In any greater general-
ity, while we have suitable integral p-adic Hodge theory, it seems hopeless to make general
computations (essentially the only computations that have been made are for certain tamely
potentially Barsotti-Tate representations; that is, for potentially crystalline representations,
where the gaps between the Hodge-Tate weights are all equal to 1, and the representations
become crystalline over a tamely ramified extension). Furthermore, while very little is known
about these local deformation rings, it seems very likely that they have many irreducible com-

ponents in general.

This is a problem, because if we run through the arguments above in a more general context
(assuming for the sake of exposition that T consists of just a single place lying over p), we will
find that the support of Rg will be a union of components of the local deformation ring, and
we need to show that it is supported on every component. This is an analogous problem to the
one that we faced at the places in T,, but it seems hard to make a similar argument, because
in general we have no way of explicitly computing the deformation rings. At present, there
are three methods for getting around this problem, none of which is strictly stronger than the
other.

The first method is that of [Kis09¢], which applies only in the potentially Barsotti-Tate case,
but which proves essentially complete results in this case. In this case (which was also the
case considered in the original work of Taylor-Wiles on the modularity of elliptic curves, and
the subsequent work of Breuil-Conrad-Diamond-Taylor) the local deformation ring can be
reinterpreted in terms of p-divisible groups and finite flat group schemes. After making a
base change to the Barsotti-Tate (i.e. crystalline case), the deformations being considered are
those which are the generic fibres of finite flat group schemes. In a highly ramified situation, a
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representation can have many finite flat models, and Kisin constructs a moduli space of these
models, which is better behaved than the Galois deformation ring. This space can be studied
in a relatively explicit fashion, and (possibly after a further base change) it is possible to check
that the Galois deformation ring has at most two components, one for ordinary representations

and one for non-ordinary representations.

We are not quite done, because it is necessary to show that S is supported on both com-
ponents. A simple argument shows that it is supported on the non-ordinary component (in
brief: it is easy to see that there is a congruence to a cuspidal potentially crystalline represen-
tation, which after a further base change gives a non-ordinary crystalline representation), but
in general to show that it is supported on the ordinary component requires the techniques of
the third method discussed below.

The second method is that of [Kis09al], which applies only in the case that p splits completely
in F, but again proves essentially complete results in this case. This method relies on the p-adic
local correspondence for GL,(Qy) (which is the main reason for the restriction to the case that
p splits completely in F), as well as some more commutative algebra, and some results on the
weight part of Serre’s conjecture (see below).

One disadvantage of both of these methods that they do not (at least at present) seem to
generalise any further, and in particular they cannot be applied to n-dimensional representa-
tions when n > 2. The third method is that of [BLGGT10], which has the advantage of work-
ing for some n-dimensional potentially crystalline representations with arbitrary Hodge-Tate
weights, but has the disadvantage that it is at present unclear how general a class of represen-
tations it applies to. Suppose that both p and pj are unramified outside of p; then our main
argument shows that we can deduce the modularity of p from py, provided that for each place
vlp, plcg, and polg,, correspond to points on the same component of the local deformation
ring. There is a definition of a “potentially diagonalizable” representation of Gr,, which is one
that (perhaps after base change) lies on the same component as a sum of characters. The basic
idea is then that if the global representation p happened to be induced from a character, then
we could take pg to be induced from a character, and if p|g,, is potentially diagonalizable for
each v|p, we could deduce the modularity of p from that of pg (which is known, as an instance
of automorphic induction).

Of course, in general p will not be induced from a character. However, in the general case,
this problem can be circumvented by tensoring p with a representation induced from a char-
acter, and using an idea of Michael Harris to “undo” this after proving a modularity lifting
theorem. (Of course, this process turns a 2-dimensional representation into a 4-dimension rep-
resentation, so it is necessary to develop a theory of higher dimensional automorphy lifting
theorems in order to use this argument.) The eventual output is a modularity lifting theorem
(in any dimension) in which it is necessary to assume that both p and pg are potentially diag-
onalizable at all places dividing p, but where there are no assumptions on the local fields F,
and no assumptions that the Hodge-Tate weights of p and pg agree. (The reason that it is no
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longer necessary to assume that p, pgp have the same Hodge-Tate weights is that as part of the
argument, both p, pg are tensored with inductions of characters, and those inductions are not
required to have the same Hodge-Tate weights.)

Unfortunately, it seems to be hard to establish potential diagonalizability in any generality,
although it seems reasonable to expect that it holds for all potentially crystalline representa-
tions. It is easily checked to hold in both the ordinary and Fontaine-Laffaille cases, and this
makes it a very useful notion in proving potential automorphy theorems for compatible sys-
tems of Galois representations; it turns out to be relatively easy to prove such theorems for
ordinary representations, but unfortunately it is hard to prove that many Galois representa-
tions in a compatible system are ordinary (although it is conjectured that they are). On the
other hand, all but finitely many of the representations are Fontaine-Laffaille, and potential
diagonalizability gives a bridge from the ordinary to the Fontaine-Laffaille case.

This third argument gives one case in which it is not necessary to assume that p and pg
have the same Hodge-Tate weights. For many reasons, it would be desirable to remove this
assumption whenever it is present in a modularity lifting theorem. This seems to be a hard
problem in general, and is known as the weight part of Serre’s conjecture. It is now known in
enough generality to remove it as an assumption from our main theorem, but the only known
proof in this case makes use of ideas and methods from all three arguments above, together
with the method of Khare-Wintenberger discussed below. It is plausible that a complete un-
derstanding of this problem within reach, but it seems to be bound up surprisingly tightly with
the problem of proving general modularity lifting theorems where the Hodge-Tate weights of
0, po are assumed to be equal.

8.2. Further generalisations. Other than the results discussed in the previous subsection,
there are a number of obvious generalizations that one could hope to prove. One obvious step,
already alluded to above, is to replace 2-dimensional representations with n-dimensional rep-
resentations. This was originally done in [CHTO08], [Tay08], and has been refined in a number
of papers, most notably [Thol0], [BLGGT10]. It is necessary to assume that the Galois repre-
sentations are essentially self-dual (that is, self-dual up to twist; note that this is automatic if
n = 2), but the argument then goes through in much the same way (albeit with a great deal
more work!).

Another obvious way in which one could hope to relax the hypotheses in the theorem
would be to allow F to be a more general number field. If F is not a CM field, then this
seems to be out of reach at present, as there is not even a conjectural method for attaching Ga-
lois representations to automorphic representations. If F is a CM field, then the prospects are
better; recently announced work of Harris-Lan-Taylor-Thorne constructs the required Galois
representations (even for GL,, without any self-duality hypothesis), and Calegari-Geraghty
have suggested a strategy to adapt the modularity lifting machinery to this case, related to
their work on weight one modular forms mentioned below. However, their strategy would
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require a generalisation of the methods of Harris-Lan-Taylor-Thorne to attach Galois repre-
sentations to torsion classes in cohomology, so it seems likely that we are still some way off
having general theorems here.

Another natural condition to relax would be the condition that the Hodge-Tate weights are
distinct; for example, one could ask that they all be equal, and hope to prove Artin’s conjecture.
For general n-dimensional representations, this appears to be completely beyond reach, but in
the case n = 2 the problems are more manageable. Since we do not know how to associate
Galois representations to Maass forms, we stick with modular forms of partial weight 1; for
simplicity, assume in fact that F = Q, so that we want to prove a modularity lifting theorem
for weight 1 modular forms.

The first problem that occurs when trying to adapt the arguments above is that weight 1
modular forms are not in the image of the Jacquet-Langlands transfer from the automorphic
forms on any definite quaternion algebra, so it is necessary to work directly with modular
forms. This in itself is not a fundamental obstruction, and indeed the original modularity
lifting theorem of Taylor—Wiles was proved directly on the modular curve. However, the dif-
ference between weight 1 modular forms and higher weight modular forms is that the weight
1 forms are only seen in coherent cohomology, and they contribute to cohomology in degrees
0 and 1 (while higher weight cuspforms only contribute to cohomology in a single degree).
This means that, for example, the analogue of Proposition [5.3]is false. (In particular, it is easy
to find examples of mod p modular forms of weight 1 which do not lift to characteristic zero
modular forms of weight 1.)

In addition, the corresponding local deformation ring has lower dimension than in the
higher weight case, meaning that the numerical coincidence that dim Jw = dim R no longer
holds, and the commutative algebra arguments that we made above failed. Recently Calegari
and Geraghty ([CG12]) found a way to avoid these problems, and prove a modularity lifting
theorem for weight one modular forms. They do this by patching cohomology in degrees 0
and 1 simultaneously, effectively patching complexes of modules rather than modules. (There
is also earlier work of Buzzard-Taylor, which has now been considerably generalised, which
proves a modularity lifting theorem more generally for weight 1 modular forms via one for
Hida families and an analytic continuation argument.)

Finally, of course in the end we would like to be able to dispose of the hypothesis that p is
modular (that is, to dispose of pg). This is the problem of Serre’s conjecture and its generali-
sations, and has only been settled in the case that F = Q and n = 2. The proof in that case
(by Khare-Wintenberger and Kisin) makes essential use of modularity lifting theorems and
of the Khare-Wintenberger lifting method discussed below, in order to inductively reduce to
the cases that p < 5 and p has very little ramification, when direct arguments using discrimi-
nant bounds can be made. The modularity lifting theorems discussed above make it plausible
that the inductive steps could be generalised, but the base case of the induction seems specific
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to the case of GL, /Q, and proving the result in greater generality is one of the biggest open
problems in the field.
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