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2. Exercise Sheet

Exercise 1:

Let R be a commutative ring.
1. Let A = R[x, y]/(xy). Compute the relative differentials Ω1

A/R.

2. Let A = R[x1, . . . xn]/(f1, . . . fm). Show that Ω1
A/R can be interpreted as the cokernel of

the Jacobian matrix J
J = (∂fj/∂xi) : Am → An.

3. Let A = Q[[x1, . . . , xn]] be the ring of formal power series in n ≥ 1 variables. Prove that
Ω1

A/Q is not finitely generated.

Exercise 2: Show that any étale ring map is standard smooth. More precisely, if R → S
is étale, show that there exists a presentation S = R[x1, . . . , xn]/(f1, . . . , fn) such that the
image of det (∂fj/∂xi) is invertible in S.

Exercise 3:

Let R be a complete local Noetherian ring. Let H be a connected finite flat group scheme
over Spec(R) and G a finite étale group scheme over Spec(R). Show that any map H → G
is the zero map.

Aufgabe 4:

Let k be a non-perfect field and let k′ := k(u1/p) be an inseparable field extension. For
i = 0, . . . , p− 1, let

Ai = k[t]/(tp − ui)

and set
A :=

∏
Ai.

Let G0 := Spec(A) and Gi := Spec(Ai) and define a multiplication by

Gi(R)×Gj(R)→ Gi+j(R), (fi, fj) 7→ (fi+j : t 7→ fi(t)fj(t)), for i+ j ≤ p− 1,

Gi(R)×Gj(R)→ Gi+j−p(R), (fi, fj) 7→ (fi+j : t 7→ fi(t)fj(t)/u), for i+ j ≥ p,

where R is any k-algebra.
Show that this turns G into a finite flat group scheme with G0 = µp,k. Show that the
connected-étale sequence of G is given by

0→ µp,k → G→ Z/pZ
k
→ 0.

Show that this sequence does not split.


