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Introduction




The stationary electronic Schrodinger equation
(variational formulation)

Find antisymmetric wave function W € H' and eigenvalue E € R
such that

(0, HV) = E (o, W) forall & cH'.

Energy scales
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I —
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I ——
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The stationary electronic Schrodinger equation
(variational formulation)

Find antisymmetric wave function W € H' and eigenvalue E € R
such that

(0, HV) = E (o, W) forall & cH'.

> the wave function V¥ is antisymmetric (Pauli principle),

W((X1 R S1), ceey (X,', S,'), Cey (X/ Sj), ceey (XN, SN))
= —\U((X1 , 81), ceey (Xj Sj), ceey (X,', S,'), Ceey (XN, SN)).

> N-fermion space:

N 1
Vel = N\, LR x {£5})



The stationary electronic Schrodinger equation
(variational formulation)

Find antisymmetric wave function W € H' and eigenvalue E € R
such that

(®,HV) = E (o, W) forall & e H'.

AH: H'(RSN x {j:%}N) — HY(R3N x {j:%}N)
is the weak Hamiltonian, defined via
R (LR L AL R Zi
H = —QIZ:;A,- - 2§;M - Zzi\x,-—ﬂk\'
J#i
> H' = HY(R3N x {£3}N)n L,



The stationary electronic Schrodinger equation
(variational formulation)

Find antisymmetric wave function W € H' and eigenvalue £ € R
such that

(0, HV) = E (o, V) forall ¢ € H'.

Fl: H1 (RSN % {:l:%}N) N H—1 (RSN % {:l:%}N)

is the weak Hamiltonian, defined via

> H' = HY(R3N x {£3}IN) N L,



The stationary electronic Schrodinger equation
(variational formulation), ground state problem

Find antisymmetric wave function W € H' and eigenvalue E* € R
such that

(®, HV) = E*(®, W) forall e H'.

and such that £ is the lowest eigenvalue of H.

Energy scales

Magnetic couplings Chemical bonds
I —
Intermolecular interactions Atomic cores
I

T T T T T >

0.001eV 001eV 0.1eV leV 10eV

CC MP2 DFT




The "full CI” scheme

Starting point: One-particle (ortho-normal) basis

B:{w17"'7wd}’

~+ antisymmetric tensor basis (Slater determinants)
By = {V, = V[ps, .., pn], 1<pi<pir1<d},

N
Vpr o] = A= det(z/}p,(X,, $);j=1-
Galerkin (full Cl) solution W4, solving
<\U“./ H\Ud> = E <\U“, \Ud> for all \U'u € By.

(an extremely high-dimensional problem, mostly unsolvable in
practice)



Slater-Condon Rules

See e.g. Szabo &Ostlund (83)
Single particle operators:

Hw! = w2 Vi =V ]

V2=V uy,.] (W ) = SN (Al
2) w2 = Tja\u‘ vl =y,

V2 = W[...,vj,va..]  (WE HU'Y = (alh|))
Y v = T;j'/zbw2 W=,

or higher excitations W2 = W[... va,vp,...] (W2, AW!) =0



Slater-Condon Rules

See e.g. Szabo &Ostlund (83)
Single particle operators:

Hw! = w2 Vi =V ]

V2=V uy,.] (W ) = SN (Al
2)w2:Tjaw‘ U =Wy, ]

V2 = W[...,vj,va..]  (WE HU'Y = (alh|))
3)W1:7}‘?;b\|/2 \111:\4;[._.7 , 7]

or higher excitations W2 = W[... va,vp,...] (W2, AW!) =0

Proof: Leibniz formula +

(W2, huty = / palx) (P (%) - / 2o (%k) 2 (%) / (%) om(X1) .. = (alhll)S,



Slater-Condon Rules

Slater-Condon Rules for two particle operators:

e =2 V=W,

V=l (WG = I SN (Gl
2) w2 = 7'].‘5’\IJ1 yl =V[...,y,v,. ]

V=V (WR,GUY) = SN (il ai)
3wl = Tia}b‘yz V=W, ]

W2 =Wl va,vp,.. ] (WR GV = (j||ab)
Jwl = T/.alie’clllz vl = V.., v,
or higher excitations W2 = W[...,va,vp,vc...] (W2, GU') =0



Slater-Condon Rules

Slater-Condon Rules for two particle operators:

e =2 V=W,
w2 =Wl ] (WG = 25 S Gl
2)\I!2:T].3\U‘ V=W, ]
=V[...,v,va.. ] (WR, G =N (il|ai)
3)‘”1:7—/3ij2 \U1:\U[7 ’ 7]
:\U[~-~7V67Vb:~~-] (W2, Gu') = (jj||ab)
3)w1—7f/70w2 =V[...,v, 0.

or higher excitations \Il2 V..., va,vp,ve...] (W2,GUT) =0

(W2, Gy v = / / 2aX1) 26 (%) Gl 2/ (%1) 2, () — - (%k) 2 (%1)] / Pm(%1)pm(X1 ).

<a b‘l ] Z // ‘P;(xf S)@Z(xlv S/)QO,‘(X, S)@j(xlv S/) dxdx’

s,8'= :i:1 |X—X’|

(a, blli,j) == (a, bli,j) — (a,blj, i).




Ansatz space and reference determinant
Hartree-Fock (or DFT) calculation
gives
(a) a (quite good) rank-1 approximation of eigenfunction W,

N 1
Vo =V[1,...N]:= /\i:1’l/Ji(Xi7 Si) = Wdet(%,»(xja sj))Z':1



Ansatz space and reference determinant
Hartree-Fock (or DFT) calculation
gives
(a) a (quite good) rank-1 approximation of eigenfunction W,

N 1 N
\UO = \U[1/ ey N] = /\1'21’(/J,'(X,'7 S,') = Wdet(wpi()(j, sj))i,j:1
(b) one-particle basis B of L3(R3 x {£}}),
B: { 1/}17"'71/}N 7¢N+1>'--7d)d}

occupied orbitals  virtual orbitals

occ L virtin L2 and w.r.t. inner product F ~ H'
~~ tensor basis Bg= {V[p1. .., pn], 1<pi<piy1<d} of L



Ansatz space and reference determinant
Hartree-Fock (or DFT) calculation
gives
(a) a (quite good) rank-1 approximation of eigenfunction W,

N 1 N
WO = \U[1/ ey N] = /\1'21’(/J,'(X,'7 S,') = Wdet(wpi()(j, sj))i,j:1
(b) one-particle basis B of L2(R3 x {£}}),
B:{ 1/}17"'71/}N 7¢N+17'--7/¢d}

occupied orbitals  virtual orbitals

occ L virtin L2 and w.r.t. inner product F ~ H'
~~ tensor basis By= {V[p1, .., pn], 1<pi<piy1<d} of L2
!

Post-Hartree-Fock calculation
v\

Cl (Galerkin) calculation Coupled Cluster calculation




Ansatz space and reference determinant
Hartree-Fock (or DFT) calculation
gives
(a) a (quite good) rank-1 approximation of eigenfunction W,

N 1 N
WO = \U[1/ ey N] = /\1'21’(/J,'(X,'7 S,') = Wdet(wpi()(j, sj))i,j:1
(b) one-particle basis B of L2(R3 x {£}}),
B:{ 1/}17"'71/}N 7¢N+17'--7/¢d}

occupied orbitals  virtual orbitals

occ L virtin L2 and w.r.t. inner product F ~ H'
~~ tensor basis By= {V[p1, .., pn], 1<pi<piy1<d} of L2
!

Post-Hartree-Fock calculation

v\
—-GHGalerkin-caleulation Coupled Cluster calculation

Accuracy, size consistency,...




Full Cl method and second
quantization




Finite Dimensional Configuration Space
Consider a finite orthonormal basis {¢;: i=1,...,d}

1
3)
ONB of antisymmetric functions by Slater determinants

Xy:=span{pj:i=1,...,d} c X = H(R3,+

’
Vg lk, .. Knl(X1,S15. . X, Sh) = —— det(py (X, 5)) Ny

JNI

N
VFCI /\Xd_span{lIISL_\IJ[k1,...,kN]:k1 <...<kN§d}CV
i=1

Curse of dimensionality dim VA, = ( I(\jl ) !

For a finite dimensional operator H : VA, =: v — V'

HY =Y (W, HV,)c,V,, = > (He), ¥

v v 1Z



(Finite dimensional) Fock space

Let W, := Vg [pk,,---,vk,] = V[k1, ..., Ky] basis Slater det.
Labeling of indices 1 € Z by an binary string of length d

d—1
eg:p = (0,0,1,1,0,...)=> pu2", p;=0,1,

» pi =1 means y; is (occupied) in V[. . ].
» ui = 0 means y; is absend (not occupied) in V[.. ].
(discrete) Fock space Fqis of dimFy; = 29, (K := C,R)

]:d—@VFC/ {v:v= Zcu n

d

~{c: pu+> c(uo,---,ptg—1) =L €K, pj =0,1 }=®K2
i=1

This is a basis depent formalism =- : Second Quantization



Discrete annihilation and creation operators

(01 r (00
A'_(o o)’A _<1 o>

In order to obtain the correct phase factor, we define

1 0
s-(39)

and the discrete annihilation operator

ap~ap=SR...08SApHI®...0l

where A,y means that A appears on the p-th position in the
product.
The creation operator

oAl . T
ap~a, ._S®...®S®A(p)®/®...®l




Schrodinger Operator in (discrete-finite) Fock Spaces
One and two electron integrals

—1
hg::<§0qa(?A_Vcore)‘Pp>v p7q7rvs:17"'7d7
SOP(X7 51 )Spq(y7 32)
x -y
Theorem (Slater -Condon, (HRS (2010)))

The Galerkin matrix H of electronic Schrédinger Hamiltonian is
sparse and can be represented by

1
gfp,’sq = §<80f(X, 54 )‘Ps(ya 32)’ >

d d
_ 9,7 PGaTaT
H= § hpayaq + § grsaragapag .
p.q=1 p.q.r,s=1

Modification, treating spin explicitely, (spin symmetries and
other symmetries could be enfored (Legeza et al. ))

d
Fa=QRK" , (K=C,R)



Particle number operator and Schrodinger eqgn.

d d
— i ~ — T
P .= E apap, ~ P:= E a,ap .
p=T p=1

The space of N-particle states is given by

d
VW= {ce QK*: Pc = Nc}.

i=1

Variational formulation of the Schrédinger equation

\c = (c(p)) = argmin{(Hc,c) : (c,c) =1, Pc — Nc =0} . ‘

Remark: Further approximation of ¢(u1, ..., ug) € ®j-’:1(C2 by
tensor product approximation, e.g. Matrix product states (TT
tensor trains) or tree ensor network states (hierarchical tensors)
by DMRG ( density matrix renormalization group) algorithm.



Optimizing the Configuration Space - MCSFC

Find a finite orthonormal basis {p;: i=1,...,d} for d < K
Xg:=span{yp;:i=1,....d} C Xk :=span{p;:i=1,...,K}.
lteratively: Given FCI solution ¢

(@i)i=1,..k :=argmin (HU)c,c) : U;;: i < d, k < K}
where

d d
HU)= ) hl(Wajag+ Y  gfd(V)ajalapa,.
p.g=1 p.q.r.s=1

h3U) = > heUpk Ugk, » GPI(U) = > W2 Uy Ug Up ik, Ug,

k1,k2 ki, k2

K
= gD,neW ::ZUI,k@ka i:1,...,K
k=1

= compute new FCI solution.
Multi-configurational self-consistent field (MCSCF)
Existence (for K — o0): G. Friesecke, M. Lewin



Second Quantization - in Function Spaces

Second quantization: annihilation operators:
aV[j,1,....N :==V[1,...,N]

and := 0 if j not apparent in V[.. ].
The adjoint of a is a creation operator v

alw[t,... N =v[b1,...,N = (-1)NV[1,... N, b]



Second Quantization - in Function Spaces

Second quantization: annihilation operators:
aV[j,1,....N :==V[1,...,N]

and := 0 if j not apparent in V[.. ].
The adjoint of a is a creation operator v

alw[t,... N =v[b1,...,N = (-1)NV[1,... N, b]

Theorem (Slater-Condon Rules)

H:V —Vresp. H:Vee — Veg reads as

H=F+u=>Y fPaja+ > ullalabaas
pP,q p.q.r.s




Excitation operators
Single excitation operator , Let Vo = V[1,..., N] be a reference
determinant then e.g.

X1k\|f0 = a,T(a1 Wy

(—1)PUk = W[k, 2,... N = XfWo = XKW[A,...,...,N] = al.a Vo



Excitation operators
Single excitation operator , Let Vo = V[1,..., N] be a reference
determinant then e.g.

X1k\|f0 = a,T(a1 Wy

(—1)PUk = W[k, 2,... N = XfWo = XKW[A,...,...,N] = al.a Vo

higher excitation operators

X, = X0 be , 1< l<liy <N, N<b<byy.

'''''



Excitation operators
Single excitation operator , Let Vo = V[1,..., N] be a reference
determinant then e.g.

X1k\|f0 = 3281 Wy

(—1)PUk = W[k, 2,...,N] = XWo = XKW[1, ..., N] = al.a Vg

higher excitation operators

X, = X0 be L 1<li<ly <N, N<b <bi.

'''''

A Cl solution ¥ = cyWg + > ¢, V,, can be written by

neJ

V= (CO+ZCHXM> Vo, Cp,CuER.

neJ

Intermediate normalization: ¢y :=1i.e. (V. Wp) =1



Single + double excitations
Discrete one-particle basis B = {1, ..., XNs XNt1y s XDi1 }-

Write (full Galerkin, “full CI”) solution V¢, as

Veor = (I+ Tuic)Vo
- oY X
it ,ay it ,lp,a1,ap

ai,..,aN yai,..,an
E sl AN X SNy
+ + Hsein RN
Hyenins@1y-.8n

Truncation according to excitation level, e.g.:
Is exact FCl for N = 2, e.g H> molecule or He atom

» CISD (single/double):

dcisp = (/+ Tsp)¥o
= (I+D_s'X"+ > sTEXTE),

1, I1 12
i1, i1,i2,81,82



Single + double excitations
Discrete one-particle basis B = {1, ..., XNy XNt1y s XDi1 }-
Write (full Galerkin, “full CI”) solution V¢, as

Veer = (I+ Tunc)Vo
. ai ya ai,8z ydi,do
- WO+ZS X Vo + Z s/1/2 X/1/2w
it ,a4 It,lp,a1,82
-aN ya
SRETE D SO A P G R
i17"7iNaa1~,"7aN

Truncation according to excitation level, e.g.:
» CCSD (single/double):

doosp = €70V
- expl+Zsa1Xa‘+ Z gt x a2y,

Ii,l> Iy,
it ,ay it,lp,ay,82



Single + double excitations
Discrete one-particle basis B = {1, ..., XNy XNt1y s XDi1 }-
Write (full Galerkin, “full CI”) solution V¢, as

Veer = (I+ Tunc)Vo
. ai ya ai,8z ydi,do
- WO+ZS X Vo + Z s/1/2 X/1/2w
it ,a4 It,lp,a1,82
-aN ya
SRETE D SO A P G R
i17"7iNaa1~,"7aN

Truncation according to excitation level, e.g.:
» CCSD (single/double):

doosp = €70V
- expl+Zsa1Xa‘+ Z gt x a2y,

Ii,l> Iy,
it ,ay it,lp,ay,82



Single + double excitations

Discrete one-particle basis B = {x1, ..., XNy XN1s e XDt1 }-
Write (full Galerkin, “full CI”) solution V¢, as

Vear = (I+ Tnc)Vo
o ai yvay ai,ap 31 a
- “’0+Zs X \U + Z sl1’2 WA \U
it ,ay it,lp,a1,ap
ai,..,an yai,...an
+.oot Z sln Jin th Jin Vo.
I15-5IN,81 558N

Truncation according to excitation level, e.g.:
» CCSD (single/double):

doosp = €70V
RS S LR S

it ,ay it,l2,ay,82



Coupled Cluster Method - Exponential-ansatz

Theorem (S. 06)

Let Wy be a reference Slater determinant, e.g. Vo = Ve and
V € Vg, V, satisfying

(W, Vo) =1 intermediate normalization .

Then there exists an excitation operator

(T1 - single-, T, - double- , ... excitation operators)
N
T=> T;=)> tX, suchthat
i=1 neg

V=elVy|=N,(/+tX,)V.

Key observations: for analytic functions :
N
f(T)=> aT"since [X,, X,]=0,X;=0, T"=0.
k=0



Ground State Energy in Intermediate normalization
H = F + U, F Fock operator (single particle operator
Fyo =N, W), U= H — F fluctuation potential,
Let V= Vg + &y = U, &y = Quop L Vo an approximated
ground state normalized by

(Wn,Wp) =1 = Ep=(Vn, HVo)~ Epr + Ecor

lterative solution: W9 := Wy, residuum: ro = (H — Epg) Vo
MP Il : &, = dp L Vg, a 1st iteration step with

Wp = W} = Wo + &y = Vo + Qu(F = Y €)' QplUWo = Wpy

1st iteration step of Jacobi Davidson - close to: CEPA (0) -
linearized CC:

& = (Qn(Heip — Ere)Qn) o = (Qn(H — Eng) Qr) ™' Udp L Wy

ground state with RPA (random phase approximation) is
equivalent to a simplified CCD (Sorensen & Scuceria & al.)



