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I.
Introduction



The stationary electronic Schrödinger equation
(variational formulation)

Find antisymmetric wave function Ψ ∈ H1 and eigenvalue E ∈ R
such that

〈Φ, ĤΨ〉 = E 〈Φ,Ψ〉 for all Φ ∈ H1.

Energy scales

0.001 eV

Intermolecular interactions

Magnetic couplings

Atomic cores

1 eV 10 eV0.1 eV0.01 eV

Chemical bonds

CC MP2 DFT
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1
2
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1
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The stationary electronic Schrödinger equation
(variational formulation), ground state problem

Find antisymmetric wave function Ψ ∈ H1 and eigenvalue E∗ ∈ R
such that

〈Φ, ĤΨ〉 = E∗〈Φ,Ψ〉 for all Φ ∈ H1.

and such that E∗ is the lowest eigenvalue of Ĥ.

Energy scales

0.001 eV

Intermolecular interactions

Magnetic couplings

Atomic cores

1 eV 10 eV0.1 eV0.01 eV

Chemical bonds

CC MP2 DFT



The ”full CI” scheme

Starting point: One-particle (ortho-normal) basis

B = {ψ1, . . . , ψd},

 antisymmetric tensor basis (Slater determinants)

Bd = {Ψµ = Ψ[p1, ..,pN ], 1≤pi<pi+1≤d},

Ψ[p1, ..,pN ] :=
∧N

i=1
ψpi =

1√
N!

det
(
ψpi (xj , sj)

)N
i,j=1.

Galerkin (full CI) solution Ψd , solving

〈Ψµ,HΨd〉 = E 〈Ψµ,Ψd〉 for all Ψµ ∈ Bd .

(an extremely high-dimensional problem, mostly unsolvable in
practice)



Slater-Condon Rules

See e.g. Szabo &Ostlund (83)
Single particle operators:

1) Ψ1 = Ψ2 Ψ1 = Ψ[. . . , νi , νj , . . .]

Ψ2 = Ψ[. . . , νi , νj , . . .] 〈Ψ, hΨ〉 =
∑N

l=1〈l|h|l〉
2) Ψ2 = T a

j Ψ1 Ψ1 = Ψ[. . . , νi , νj , . . .]

Ψ2 = Ψ[. . . , νi , νa, . . .] 〈Ψ2, hΨ1〉 = 〈a|h|j〉
3) Ψ1 = T a,b

i,j Ψ2 Ψ1 = Ψ[. . . , νi , νj , . . .]

or higher excitations Ψ2 = Ψ[. . . , νa, νb, . . .] 〈Ψ2, hΨ1〉 = 0

Proof: Leibniz formula +

〈Ψ2, hl Ψ
1〉 =

∫
ϕa(xl )(hlϕi )(xl ) ·

∫
ϕb(xk )ϕj (xk )

∫
ϕm(x1)ϕm(x1) . . . = 〈a|h|l〉δb,j
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Slater-Condon Rules
Slater-Condon Rules for two particle operators:

1) Ψ1 = Ψ2 Ψ1 = Ψ[. . . , νi , νj , . . .]

Ψ2 = Ψ[. . . , νi , νj , . . .] 〈Ψ1,GΨ1〉 = 1
2
∑N

i=1
∑N

j=1〈ij||ij〉
2) Ψ2 = T a

j Ψ1 Ψ1 = Ψ[. . . , νi , νj , . . .]

Ψ2 = Ψ[. . . , νi , νa, . . .] 〈Ψ2,GΨ1〉 =
∑N

i=1〈j i||ai〉
3) Ψ1 = T a,b

i,j Ψ2 Ψ1 = Ψ[. . . , νi , νj , . . .]

Ψ2 = Ψ[. . . , νa, νb, . . .] 〈Ψ2,GΨ1〉 = 〈ij||ab〉
3) Ψ1 = T a,b,c

i,j,l Ψ2 Ψ1 = Ψ[. . . , νi , νj , νl . . .]

or higher excitations Ψ2 = Ψ[. . . , νa, νb, νc . . .] 〈Ψ2,GΨ1〉 = 0

〈Ψ2,Gl,k Ψ1〉 =

∫ ∫
ϕa(xl )ϕb(xk )Gl,k [ϕi (xl )ϕj (xk )−ϕi (xk )ϕj (xl )]·

∫
ϕm(x1)ϕm(x1)·. . .

〈a, b|i, j〉 :=
∑

s,s′=± 1
2

∫ ∫
ϕ∗a (x, s)ϕ∗b (x′, s′)ϕi (x, s)ϕj (x′, s′)

|x− x′|
dxdx′

〈a, b||i, j〉 := 〈a, b|i, j〉 − 〈a, b|j, i〉.
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Ansatz space and reference determinant
Hartree-Fock (or DFT) calculation

gives
(a) a (quite good) rank-1 approximation of eigenfunction Ψ,

Ψ0 = Ψ[1, ..,N] :=
∧N

i=1
ψi(xi , si) =

1√
N!

det
(
ψpi (xj , sj)

)N
i,j=1

(b) one-particle basis B of L2
d (R3 × {±1

2}),
B = { ψ1, . . . , ψN︸ ︷︷ ︸

occupied orbitals

, ψN+1, . . . , ψd︸ ︷︷ ︸
virtual orbitals

}

occ ⊥ virt in L2 and w.r.t. inner product F ∼ H1

 tensor basis Bd = {Ψ[p1, ..,pN ], 1≤pi<pi+1≤d} of L2
d

⇓
Post-Hartree-Fock calculation

↙ ↘
CI (Galerkin) calculation Coupled Cluster calculation

Accuracy, size consistency,...
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I.
Full CI method and second

quantization



Finite Dimensional Configuration Space
Consider a finite orthonormal basis {ϕi : i = 1, . . . ,d}

Xd := span {ϕi : i = 1, . . . ,d} ⊂ X = H1(R3,±1
2

)

ONB of antisymmetric functions by Slater determinants

ΨSL[k1, . . . , kN ](x1, s1; . . . ; xN , sN) :=
1√
N!

det(ϕki (xj , sj))N
i,j=1

VN
FCI =

N∧
i=1

Xd = span{ΨSL = Ψ[k1, . . . , kN ] : k1 < . . . < kN ≤ d} ⊂ V

Curse of dimensionality dimVN
FCI =

(
d
N

)
!

For a finite dimensional operator H : VN
FCI =: V → V ′

HΨ =
∑
ν′,ν

〈Ψν′ ,HΨν〉cνΨν′ =
∑
ν′

(Hc)ν′Ψν′ .



(Finite dimensional) Fock space
Let Ψµ := ΨSL[ϕk1 , . . . , ϕkN ] = Ψ[k1, . . . , kN ] basis Slater det.
Labeling of indices µ ∈ I by an binary string of length d

e.g.: µ = (0,0,1,1,0, . . .) =:
d−1∑
i=0

µi2i , µi = 0,1 ,

I µi = 1 means ϕi is (occupied) in Ψ[. . .].
I µi = 0 means ϕi is absend (not occupied) in Ψ[. . .].

(discrete) Fock space Fd is of dimFd = 2d , (K := C,R)

Fd :=
d⊕

N=0

VN
FCI = {Ψ : Ψ =

∑
µ

cµΨµ}

Fd ' {c : µ 7→ c(µ0, . . . , µd−1) = cµ ∈ K , µi = 0,1 } =
d⊗

i=1

K2

This is a basis depent formalism⇒ : Second Quantization



Discrete annihilation and creation operators

A :=

(
0 1
0 0

)
, AT =

(
0 0
1 0

)
In order to obtain the correct phase factor, we define

S :=

(
1 0
0 −1

)
,

and the discrete annihilation operator

ap ' ap := S ⊗ . . .⊗ S ⊗ A(p) ⊗ I ⊗ . . .⊗ I

where A(p) means that A appears on the p-th position in the
product.
The creation operator

a†p ' aT
p := S ⊗ . . .⊗ S ⊗ AT

(p) ⊗ I ⊗ . . .⊗ I



Schrödinger Operator in (discrete-finite) Fock Spaces
One and two electron integrals

hp
q := 〈ϕq, (

−1
2

∆− Vcore)ϕp〉 , p,q, r , s = 1, . . . ,d ,

gp,q
r ,s :=

1
2
〈ϕr (x, s1)ϕs(y, s2),

ϕp(x, s1)ϕq(y, s2)

|x− y|
〉

Theorem (Slater -Condon, (HRS (2010)))
The Galerkin matrix H of electronic Schrödinger Hamiltonian is
sparse and can be represented by

H =
d∑

p,q=1

hq
paT

p aq +
d∑

p,q,r ,s=1

gp,q
r ,s aT

r aT
s apaq .

Modification, treating spin explicitely, (spin symmetries and
other symmetries could be enfored (Legeza et al. ))

Fd =
d⊗

i=1

K4 , (K = C,R)



Particle number operator and Schrödinger eqn.

P :=
d∑

p=1

a†pap , ' P :=
d∑

p=1

aT
p ap .

The space of N-particle states is given by

VN := {c ∈
d⊗

i=1

K2 : Pc = Nc} .

Variational formulation of the Schrödinger equation

c = (c(µ)) = argmin{〈Hc,c〉 : 〈c,c〉 = 1 , Pc− Nc = 0} .

Remark: Further approximation of c(µ1, . . . , µd ) ∈ ⊗d
i=1C

2 by
tensor product approximation, e.g. Matrix product states (TT
tensor trains) or tree ensor network states (hierarchical tensors)
by DMRG ( density matrix renormalization group) algorithm.



Optimizing the Configuration Space - MCSFC
Find a finite orthonormal basis {ϕi : i = 1, . . . ,d} for d < K

Xd := span {ϕi : i = 1, . . . ,d} ⊂ XK := span {ϕi : i = 1, . . . ,K} .

Iteratively: Given FCI solution c

(ϕi)i=1,...,K := argmin 〈H(U)c,c〉 : Ui,j : i ≤ d , k ≤ K}

where

H(U) =
d∑

p,q=1

hq
p(U)aT

p aq +
d∑

p,q,r ,s=1

gp,q
r ,s (U)aT

r aT
s apaq .

hq
p(U) =

∑
k1,k2

hk2
k1

Up,k1Uq,k2 , gp,q
r ,s (U) =

∑
k1,k2

hk1,k2
j1,j2

Up,j1Uq,j2Up,k1Uq,k2

⇒ ϕnew
i :=

K∑
k=1

Ui,kϕk , i = 1, . . . ,K

⇒ compute new FCI solution.
Multi-configurational self-consistent field (MCSCF)
Existence (for K →∞): G. Friesecke, M. Lewin



Second Quantization - in Function Spaces

Second quantization: annihilation operators:

ajΨ[j ,1, . . . ,N] := Ψ[1, . . . ,N]

and := 0 if j not apparent in Ψ[. . .].
The adjoint of ab is a creation operator v

a†bΨ[1, . . . ,N] = Ψ[b,1, . . . ,N] = (−1)NΨ[1, . . . ,N,b]

Theorem (Slater-Condon Rules)
H : V → V resp. H : VFCI → VFCI reads as

H = F + U =
∑
p,q

f p
r a†par +

∑
p,q,r ,s

upq
rs a†qa†par as
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Excitation operators
Single excitation operator , Let Ψ0 = Ψ[1, . . . ,N] be a reference
determinant then e.g.

X k
1 Ψ0 := a†ka1Ψ0

(−1)−pΨk
1 = Ψ[k ,2, . . . ,N] = X k

1 Ψ0 = X k
j Ψ[1, . . . , . . . ,N] = a†ka1Ψ0

higher excitation operators

Xµ := X b1,...,bk
l1,...,lk

=
k∏

i=1

X bi
li

, 1 ≤ li < li+1 ≤ N , N < bi < bi+1 .

A CI solution Ψ = c0Ψ0 +
∑

µ∈J cµΨµ can be written by

Ψ =

c0 +
∑
µ∈J

cµXµ

Ψ0 , c0, cµ ∈ R .

Intermediate normalization: c0 := 1 i.e. 〈Ψ.Ψ0〉 = 1
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Single + double excitations
Discrete one-particle basis B = {χ1, ..., χN , χN+1, ...., χD+1}.

Write (full Galerkin, “full CI”) solution ΨFCI as

ΨFCI = (I + Tfull CI)Ψ0

= Ψ0 +
∑
i1,a1

sa1
i1

X a1
i1

Ψ0 +
∑

i1,i2,a1,a2

sa1,a2
i1,i2

X a1,a2
i1,i2

Ψ0

+ . . .+
∑

i1,..,iN ,a1,..,aN

sa1,..,aN
i1,..,iN

X a1,..,aN
i1,..,iN

Ψ0.

Truncation according to excitation level, e.g.:
Is exact FCI for N = 2, e.g H2 molecule or He atom

I CISD (single/double):

ΦCISD = (I + TSD)Ψ0

= (I +
∑
i1,a1

sa1
i1

X a1
i1

+
∑

i1,i2,a1,a2

sa1,a2
i1,i2

X a1,a2
i1,i2

)Ψ0
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sa1
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X a1
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sa1,a2
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X a1,a2
i1,i2

)Ψ0



Single + double excitations
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Single + double excitations

Discrete one-particle basis B = {χ1, ..., χN , χN+1, ...., χD+1}.

Write (full Galerkin, “full CI”) solution ΨFCI as

ΨFCI = (I + Tfull CI)Ψ0
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+ . . .+
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i1,i2,a1,a2
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Coupled Cluster Method - Exponential-ansatz
Theorem (S. 06)
Let Ψ0 be a reference Slater determinant, e.g. Ψ0 = ΨHF and
Ψ ∈ VFCI , V, satisfying

〈Ψ,Ψ0〉 = 1 intermediate normalization .

Then there exists an excitation operator
(T1 - single-, T2 - double- , . . . excitation operators)

T =
N∑

i=1

Ti =
∑
µ∈J

tµXµ such that

Ψ = eT Ψ0 = Πµ(I + tµXµ)Ψ0 .

Key observations: for analytic functions :

f (T ) =
N∑

k=0

akT k since [Xµ,Xν ] = 0 , X 2
µ = 0 , T N = 0 .



Ground State Energy in Intermediate normalization
H = F + U, F Fock operator (single particle operator
FΨ0 =

∑N
i=1 εiΨ0), U = H − F fluctuation potential,

Let Ψh = Ψ0 + Φh ≈ Ψ, Φh = Qhφh ⊥ Ψ0 an approximated
ground state normalized by

〈Ψh,Ψh〉 = 1 ⇒ Eh = 〈Ψh,HΨ0〉≈ EHF + Ecor

Iterative solution: Ψ0
h := Ψ0, residuum: r0 = (H − EHF )Ψ0

MP II : Φh = ΦD ⊥ Ψ0, a 1st iteration step with

ΨD := Ψ1
h = Ψ0 + Φh = Ψ0 + Qh(F −

∑
εi)
−1QhUΨ0 = ΨMPII

1st iteration step of Jacobi Davidson - close to: CEPA (0) -
linearized CC:

Φh = (Qh(HCID−EHF )Qh)−1r0 = (Qh(H−EHF )Qh)−1UΦD ⊥ Ψ0

ground state with RPA (random phase approximation) is
equivalent to a simplified CCD (Sorensen & Scuceria & al.)


